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Notations
Fq: finite field with ¢ elements, (¢ = p%).

V = A™TL aff. sp. of dim. m+ 1 on Fy.
P™(Fq): proj. space of dim. m.

#P(Fg) = ¢+ ¢ 1+ ... +qg+1

T =q¢"+¢" 1+ .. +q+1

Fn(V,Fq): forms of degree h on V with
coefficients in Fy.



I-Some results on intersection of two quadrics
in P*(Fy).

e In 1975, W. M. Schmidt

Q1 N Q| < 2(4¢" 2 + 4w, _3) + q_il

e In 1992, Y. aubry
Q1 N Qo <2(4¢" 2 + mp_3) + q_%

e In 1999, D. B. Leep et L. M. Schueller
Suppose: w(Q1,95) =n—+1
If n4+1 >4 and even, then:

n—3

n—1
Q1N Qs <2¢" %+ 7, 34+2¢2 —3q 2
Ifn4+1>5 and odd, then

Q1N Qo] <2¢" 2+ 7,3+ q2

e In 2006, Lemma

Let 1 <i<n—-—1and w(9Q1,9>) =n—-101+1.
If |Q1 N Q>N E| < m where E ~ P (F,),
then [|Q1 N Q| < mg' + m_1
This bound is the best possible as soon as m
is optimal for FE.




II-Intersection of two quadrics in P3(F,)
X ! F($o,$1,$2,$3) =0

Table 1: Quadrics in PG(3,q).

r(Q) Description 19| ag(Q)

1 repeated plane T 2
M>Po

2 | pair of distinct planes | 2¢° + 71 | 2
MNoHq

2 line ™1 1
MN1&1

3 quadric cone T 1
MNoPo

4 hyperbolic quadric ™ + q 1

H3(R, R
4 elliptic quadric T — q 0
&3

Some values de #X 7 (Fg)

C(qg) =49+ 1, Ca(q) =3¢+ 1, C3(q) = 3¢
H(q) = 4q, H>(q) =3q¢+ 1, H3(q) = 3¢
E(q) =2(qg+1), Ea(q) =29+ 1, E3(q) = 2¢



III-Intersection of two quadrics in P*(F,)

Table 2: Quadrics in P4(F,).

r(Q) Description 19| ag(Q)
1 repeated hyperplane T3
N3Po 3
2 pair of hyperplanes | 2¢> + 75
[MoH 1 3
2 plane T
MN->&1 2
3 cone 3
[11Po 2
4 cone 73 + q°
NoH3(R,R) 2
4 cone T3 — q°
MNo&3 1
5 parabolic quadric T3
Py 1




Section of X: g(Q)=2

Table 3: Plane quadric curves

r(Q") Description Q| | 9(Q)
1 repeated line MyPpo | g+ 1 1

2 pair of lines lNMpoH1 | 29+ 1 1
2 point MNpyé&q 1 0
3 parabolic P»> q+ 1 0

#X7(5)(Fg) <2¢°+ 3¢+ 1

Section of X: g(Q)=3
a. 9 is a repeated hyperplane

Theorem [Primrose, 1951]
Let H C P*(F,) be an hyperplane

T 4+ q, T — q if H n.-tan. to A&,

X (Fg) =
#Xn (Eq) {7@ if H is tan. to AX.



b. Q is a pair of hyperplanes: O = H{UH>

X\l:HlﬂX, X\Q:HQHX et P=H1 N Ho

ONX|=|HiNnNX|+ |HNnX|—|PNnX|. (1)

PNX=PNX =PnNAo. (2)

Theorem [Swinnerton-Dyer, 1964 | Let X be
a degenerate quadric variety of rank r < n—+1
in P"(F;) and M,_1 a linear projective space
of dimension r — 1 disjoint from the singular
space M,,_, of X. Then M,_; N X is a non-
degenerate quadric variety in ,._1.

Theorem [Wolfmann, 1975 ] Let X C P*(F,)
be a non-degenerate quadric variety. A tan-
gent hyperplane meets X at a denegerate

~

quadric of the same type as X.



b.1 Two tangent hyperplanes to O
b.2 One tangent and one n-tang. to 9
b.3 Two tangent hyperplanes to 9O

Proposition If O is a pair of hyperplanes in
P4(F,) and X the non-degenerate quadric va-
riety in P4(F,), then

#X70)(Fg) =2¢° +3¢+ 1, 2¢° +2q+ 1
#X0)(Fg) =2¢° +q+1, 2¢° + 1,

#Xy70)(Fg) =2¢° —q+1



Section of X: g(Q)=1

a. XN O contains no line
#X7()(Fg) < 2(¢% + 1)

b. XN O contains some lines
b.1. O est degenerate

#X7(nFe) <2¢°+29+1

b.2. O iIs non-degenerate

Table 4: Intersection of 9, N X; in P3(F,)

Type Q; N AX;
1 (hyperbolic quadric) N (quadric cone)
2 (quadric cone) N (quadric cone)
3 (hyperbolic quadric) N (hyperbolic quadric)
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Table 5: Number of points and lines in 9,NX;

Types | 4 lines | 3 lines | 2 lines 1 line
1 3q 29+ 1
2 4941 | 3941 |[2¢g+1 | 2¢g+1
3 4g | 3a+1 |3¢+1|2(¢+1)

A) X N O contains exactly one line
#X7(5)(Fg) < q° +3¢+2

B) X N Q contains at least two lines:
B-1) XN QO contains only skew lines

H#X (5 (F) < a%+ 39 +2

B-2) X N Q contains at least two secant
lines:
(x)It exists H; and H> such that X, = 9,

#X 705 (Fg) <2¢°+2¢+ 1

(xx) It exists H; such that X; = 9,
#X7(5)(Fq) < q° + 6q + 2

(xxx) For i=1,...q+1 X, # O;

#X7()(Fg) <2¢°+ 3¢+ 1
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Some values of #X ;¢ (Fq)

Theorem If X is a non-degenerate quadric
in P*(F,) and Q a quadric of P#(F,) such that
X #= \Q, then

#X7(0)(Fq) = 2¢° + 3¢+ 1, 2¢° +2q + 1
#X70)(Fg) =2¢° +q+1, 2¢° +1,

#X7(0)(Fg) =2¢° — g+ 1

Theorem Let X be a quadric in P4(F,) and
Q another quadric in P#(F,). If X is :
—non-degenerate, then

#X;0)(Fg) <2¢° + 3¢+ 1.
—degenerate with »(X) = 3, then

#X,(0)(Fg) < 4¢° + 3¢ + 1.
—degen. with r(X) =4 and ¢(X) = 2 then,

#X7(0)(Fg) < 4¢° + 1.
These bounds are the best possible.
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IV- Applications to Coding Theory

c: Fn(V,Fg) — FY
f — c(f) =(f(Pr),..., f(PN))

Ch(X) = Imc

e definition Let ¢(f) be a codeword
cw(f) =#{PeX | [f(P)=0}
w(c(f)) = #X(Fq) — cw(f)

distC),(X) = 1,anWJiTr;L{w(c(f))}

e Proposition The parameters of Cy(X):
lenght C,(X) = # X (Fy),

dim Cy,(X) = dim F;, — dim ker c,
distCpL(X) = #X(Fq) — X ¥
iIstCh(X) = #X(Fq) 1[25]3_22# z(£)(Fq)
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Weights Distribution of C>(H3)

° w1=q2—2q—|—1.
The codewords << wq >>:

—union of 2 tan planes and [ bisecant

—hyperbolic quadric containing |l and =

lines of X.

® | wo — q — q|
The codewords << wo >>:
—hyperbolic quadric containing exactly two
lines in distinct regulus and the g other
lines of one regulus are bisecants of X.
—union of two tangent planes of X and
the line of intersection is contained in X.
—union of two planes one is tan., the sec-
ond is non-tan. to X and the line of inter-
section intersecting X at a single point.

o w3z = q2 —q+1]
The codewords << w3z >>:

union of two planes one tan., the second
non-tan. to X and the line of intersection
intersecting X at two points.
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Weights Distribution of C»>(&3)

o Wy = q2 —2qg—1
The codewords << wq >>:

—union of two planes non-tan and [ dis-
joint to X.

—hyperbolic quadrics with all lines of one
regulus are bisecants.

—degenerate quadrics of rank 3 (i.e. ¢+1
lines) with the vertex no contained in X
et and all the ¢ 4+ 1 lines are bisecants.

o lwy =g —2q
The codewords << wy >>: quadrics which
are union of two non-tan. planes to X
and the line of intersection intersecting
X at two points.

° w3=q2—2q—|—1
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Table 6: The first 5 weights of Cy(X).

Numb

Q

PNX

w;
1 2 n-tan H q> — q° — 2q
2 2 n-tan |sin. cve (r=2) | ¢®—¢%? —¢
3 | 1t+1n-tan ¢ —q°
4 1t+1n-tan | sin. cve (r=2)
2tan NoH1 > —q°+q
5 2 n-tan & ¢ —q° + 2q

Tuesday 02/27 /2007 (Seminar of GRIM, Toulon)

Theorem [AX, 1964]
Let r polynomials f;(xq,...,xn) and deg (f;) =
d; on Fgthen: ifn > b0, d; = ¢°|#Z(f1, -, fn)-
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V-Generalization to quadrics in P (F,)

Theorem|[E., Hallez, Rodier, Storme]
Let X be a quadric in P*"(Fy) with n > 5, If

IXNQ| > ¢" % 43¢" 343¢"+2¢" > +...42¢+1,

then there exist a quadric consisting of two
hyperplanes.
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e 5.1 X is a non-degenerate quadric in P2 T1(F,)

n—1 n—3
XNQ|<2¢" 2+ 7, 3+2¢2 —q 2

Weights Distribution of Cy(Ho;41)

distC,L(X): D. Leep, in 1999, FFA (7).

distCy (X) > g2 — 2= 1 _ gl 4 41

Table 6: The first 6 weights of Cy(X).

Numb Q Moy 1 NAX w;
L 2 tan. Hor1 | a* —¢* P =g +¢ !
2 1t+1n-tan | gPy_»

2tan MiHo_3 g2l — g2l-1

3 1t4+1n-tan Hoi_1 g2l — g2l=1 4 411
4 2 n-tan. ng—l q2l _ q2l 1 + ql _ ql—l
5 2 n-tan | MoPyo ¢ — 71+ ¢
6 2 n-tan Hoi—1 q2l _ q2l—1 + ql + ql—l
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Weights distribution of C(&5;41)

distC,L(X): D. Leep, in 1999, FFA (7).

distCp(X) > ¢! — ¢?!~1

—3¢ +3¢"*

Table 7: The first 7 weights of C(&2741).

Numb Q Moy 1 NX w;
1 2 n-tan. Eol_q g2t — g2l gl — gt
2 2 n-tan MoPor_o ' — gt — ¢
3 | 1t+1n-tan| Hoq1 | ¢ —g21— —|— =
4 2 n-tan. Eor_1 gt — g2~ — ¢ 1
5 1t+1n-tan | TgPy_»o
2tan Mi1&o-3 ¢? — ¢!
6 2 tan Eop1 q2l _ q2l—1 + ql _ ql—l
7 2 tan MNoPo—2 ¢? —¢? 1+ ¢

Theorem [E. Hanja, Rodier Storme]
Let X be a non-degenerate quadric in P2 T1(F,)

with | € N*.

C>(X) defined on X are divisible by ¢/~ 1.

19

Then all the weights of the code




e 5.2 X is a non-degenerate quadric in P2T2(F,)

distC,L(X): D. Leep, in 1999, FFA (7).
diStCh(X) > q2l—|—1 _ q2l . ql—l-l
Table 8: the first 5 weights of Co(Py42).

Numb Q |_|2[ NX w;
2 n-tan. H g2l g2l _ 24!
2 n-tan MoHo—1
1tan+1n-tan g2l _ g2l _ ¢
2 tan Mo&o1_1
2 n-tan
ltan+1n-tan | NMoHo;_1 q2l+1 — q2l
ltan+1n-tan. | MNgé&y_1
2 tan [11Po;_o
2 n-tan. H I_IOng—l
1tan+1n-tan g2l g2l 4 4l
2 tan MoHo—1
2 n-tan & g2t — g2l 4 24

Theorem [E., Hanja, Rodier, Storme]

Let X be a non-degenerate quadric in P2 T2(F,)
and [ € N*. Then all the weights of the code
C>(X) defined on X are divisible by ¢'.
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VII-Conclusion

Theorem [E., San, Xing]

Let Q1 and Q5 be two quadrics in P (F,) with
no common d'hyperplane.

T hen:

Q1N Q| < 4¢" 2+ 7,3

Conjecture [E., San, Xind]

Let X C P*"(F;) be an arbitrary algebraic set
of dimension s and degree d. Then the num-
ber of X is such that:

#X(Fq) <dq®+ ms_1.|
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Thank you for your attention
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