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SAFERK methods

QA new family of collocation Runge-Kutta methods

Yn,z' = Uy 0 ijl aijf(tn+cjhnayn,j)a 1 <17 <s,
Yn+1 Yn + P, ijl bjf(tn + thna Yn,j)a

with good stability and convergence properties has been
recently introduced in

An efficient family of strongly A-stable Runge-Kutta
collocation methods for stiff systems and DAEs.

@ Part |: Stability and order results. JCAM 2010.
@ Part Il: Convergence results. To appear in APNUM.
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SAFERK methods

Q@ A new family of collocation Runge-Kutta methods

Yn,z' = Uy 0 ijl aijf(tn+cjhnayn,j)a 1 <17 <s,
Yn+1 Yn + P, ijl bjf(tn + thna Yn,j)a

with good stability and convergence properties has been
recently introduced in

An efficient family of strongly A-stable Runge-Kutta
collocation methods for stiff systems and DAEs.

@ Part |: Stability and order results. JCAM 2010.
@ Part Il: Convergence results. To appear in APNUM.

Q  The so-called SAFERK methods are competitive regarding
RadaullA methods with the same number of implicit stages for
stiff systems and index one/two DAEs.
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SAFERK methods

For s > 3, a uniparametric family of s-stage RK methods is
obtained. For each parameter value o, the corresponding
SAFERK (a, s) method possesses the following features:
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For s > 3, a uniparametric family of s-stage RK methods is
obtained. For each parameter value o, the corresponding
SAFERK (a, s) method possesses the following features:

@ Q it is Stiffly Accurate method with a First Explicit stage:

C‘A er{-A:OT:>Yn,1:yn
) ‘bT el A=bl =Y, =y
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SAFERK methods

For s > 3, a uniparametric family of s-stage RK methods is
obtained. For each parameter value o, the corresponding
SAFERK (a, s) method possesses the following features:

@ Q it is Stiffly Accurate method with a First Explicit stage:
C‘A er{-A:OT:>Yn,1:yn
) ‘bT el A=bl =Y, =y

Q it has stage order ¢ = s, i.e, it is a collocation method based
on a certain interpolatory quadrature {b;,c;}’_;, with ¢; =0
and c, = 1;
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SAFERK methods

For s > 3, a uniparametric family of s-stage RK methods is
obtained. For each parameter value o, the corresponding
SAFERK (a, s) method possesses the following features:

@ Q it is Stiffly Accurate method with a First Explicit stage:
C‘A e?-A:OTiYn,lzyn
) ‘bT el A=bl =Y, =y

Q it has stage order ¢ = s, i.e, it is a collocation method based
on a certain interpolatory quadrature {b;,c;}’_;, with ¢; =0
and c, = 1;

V25 F 1(PE (@)~ Pry(@))+av/Zs = L(Piy (2)— Piy()) = 0

(P} (x) normalized Legendre polynomials on [0, 1], P} (1) = 1).
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SAFERK methods

For s > 3, a uniparametric family of s-stage RK methods is
obtained. For each parameter value o, the corresponding
SAFERK (a, s) method possesses the following features:

@ Q it is Stiffly Accurate method with a First Explicit stage:
C‘A e?-A:OTiYn,lzyn
) ‘bT el A=bl =Y, =y

Q it has stage order ¢ = s, i.e, it is a collocation method based
on a certain interpolatory quadrature {b;,c;}’_;, with ¢; =0
and c, = 1;

Q_ it has algebraic order p = 25 — 3, for all a # 0;

Q@ it is computationally equivalent to the (s — 1)-stage RadaullA
method (similar implicitness over each integration step).
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SAFERK methods /

Nodes and weights for
a € (—7s,7s)

by < 0 b1 <0

/2R s — 1
T a (25 — 3)
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SAFERK methods

For each s > 3, the linear stability function

Rz)=1+21 T —-24)"1e, e=(1,...,1)! eR®,

o of a SAFERK (a, s) method fulfils:
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SAFERK methods

For each s > 3, the linear stability function

Rz)=1+21 T —-24)"1e, e=(1,...,1)! eR®,

o of a SAFERK (a, s) method fulfils:

Q |R(2)| <1, Vz € C™ (i.e, A-acceptability) if only if a < 0 and
Qv 7& — Vs

Q@ A-acceptability + |R(oo)| < 1if only if @« < 0 and av & —s.

+
R(oo) = (—1)s+1 22
(p0) = (-1 28
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SAFERK methods

For each s > 3, the linear stability function

Rz)=1+21 T —-24)"1e, e=(1,...,1)! eR®,

o of a SAFERK (a, s) method fulfils:
Q |R(2)| <1, Vz € C™ (i.e, A-acceptability) if only if a < 0 and

@ @ 7& — Vs
@ A-acceptability + |R(o0)| < 1 if only if @« < 0 and @ # —s.
+ «
R(o0) = (—1)s+1 222
(o0) = (-1 2L

Q@ Although SAFERK (a, s) are strongly A-stable iff o < 0,
a # —7s, there are not L-stable methods (|R(oc0)| = 0):

S

|R(00)| € [S_%, 1) for —5=2~, < a < 0.

—p. 8/43



The Principal Error Term
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The Principal Error Term

Q_ The principal term of local error for a Runge-Kutta method

yri(t + it y(t)) — y(t) = PTLE(t, h) + O(RP*?)

@ hp-|— 1

PTLE(t, h) = T

(1 —w(7))F(1)(y(?))

TELTp+1
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The Principal Error Term

Q@ The principal term of local error for a Runge-Kutta method

yri(t + it y(t)) — y(t) = PTLE(t, h) + O(RP*?)

@ hp-|— 1

PTLE(t, h) = T

(1 —w(7))F(1)(y(?))

TELTp+1

Q_ For non-stiff problems, those methods with a smaller [9—norm
of the error coefficients are preferred'

E K) := (1—
CoRK) = ooy | 30 (1=

TGLTp_|_1

Q  We shall require
ECQS_g(SAFERK(a, 8))
ECgS_g(RadauHA(s—l))

Ks(a) := < 1.
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The Principal Error Term

Q@  Theorem. For an s—stage Runge—Kutta method fulfilling
B(p), C(q) and D(r), with p < min{q + r,2q + 1} we have

5 1 —w(t) = K(1;¢,7)(1 — (p+ 1)b''cP), V1 € LT, 1.
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The Principal Error Term

Q  Theorem. For an s—stage Runge—Kutta method fulfilling
B(p), C(q) and D(r), with p < min{q + r,2q + 1} we have

5 1 —w(t) = K(1;¢,7)(1 — (p+ 1)b''cP), V1 € LT, 1.

Q@ For SAFERK («,s) and RadaullA(s — 1) methods, we have

o Kula) = lof (22 \/ it K(ris,s —3)
>

K(r;s—1,8 —2)?

TeLlT55_9
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The Principal Error Term

Q  Theorem. For an s—stage Runge—Kutta method fulfilling
B(p), C(q) and D(r), with p < min{q + r,2q + 1} we have

5 1 —w(t) = K(1;¢,7)(1 — (p+ 1)b''cP), V1 € LT, 1.

Q@ For SAFERK («,s) and RadaullA(s — 1) methods, we have

o Kula) = lof (22 \/ it K(ris,s —3)
>

reim,. o K(158 — 1,58 =2)2

Q.  Theorem. For s > 3, strongly A-stable SAFERK methods
with ratio ICs(a) < 1 are obtained if and only if oy, < a < 0
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The Principal Error Term

Q  Theorem. For an s—stage Runge—Kutta method fulfilling
B(p), C(q) and D(r), with p < min{q + r,2q + 1} we have

5 1 —w(t) = K(1;¢,7)(1 — (p+ 1)b''cP), V1 € LT, 1.

Q@ For SAFERK («,s) and RadaullA(s — 1) methods, we have

o Kula) = lof (22 \/ it K(ris,s —3)
>

reim,. o K(158 — 1,58 =2)2

Q.  Theorem. For s > 3, strongly A-stable SAFERK methods
with ratio ICs(cr) < 1 are obtained if and only if oy < a < 0,

where a; fulfils Cs(as) =1 and —75 < a < —%%.
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The Principal Error Term

Q  Theorem. For an s—stage Runge—Kutta method fulfilling
B(p), C(q) and D(r), with p < min{q + r,2q + 1} we have

5 1 —w(t) = K(1;¢,7)(1 — (p+ 1)b''cP), V1 € LT, 1.

Q@ For SAFERK («,s) and RadaullA(s — 1) methods, we have

o Kula) = lof (22 \/ it K(ris,s —3)
>

reim,. o K(158 — 1,58 =2)2

Q.  Theorem. For s > 3, strongly A-stable SAFERK methods
with ratio ICs(cr) < 1 are obtained if and only if oy < a < 0,

where « fulfils Cg(as) = 1 and —v,5 < a §—2

@ Hence, strongly A-stable SAFERK (a, s) methods, with
c; €10,1] and b; > 0 (1 <1 < s) fulfil Ls(a) <1
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Convergence on stiff semilinear problems
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Convergence on stiff semilinear problems

- p. 13/43



Convergence on stiff semilinear problems

y'(t) = Jy +g(t,y),

Q@ The global error y,, — y(t,,) fulfils

Lobattol ITA(s)

RadaullA(s — 1)

SAFERK (a, s)

O (hmax{4,s} )

O(h?)

O(hmin{s—l—l,23—3})
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Convergence on stiff semilinear problems

y (1) =Jy+gt,y), plJ]=0(1), Ly(y) = O(1).

e Q@ The global error y,, — y(t,,) fulfils

LobattolITA(s) | RadaullA(s—1) | SAFERK(«, s)
@ O(hmax{4,s}) O(hs) O(hmin{s—l—l,23—3})

Q@ Optimal B-convergence O(h9t1): for A—, AS— and ASI—
stable methods fulfilling B(q + 1) and C(q), such that ¥(z)
remains uniformly bounded on C™.
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Convergence on stiff semilinear problems

y (1) =Jy+gt,y), plJ]=0(1), Ly(y) = O(1).

e Q@ The global error y,, — y(t,,) fulfils

LobattolITA(s) | RadaullA(s—1) | SAFERK(«, s)
@ O(hmax{4,s}) O(hs) O(hmin{s—l—l,23—3})

Q@ Optimal B-convergence O(h9t1): for A—, AS— and ASI—
stable methods fulfilling B(q + 1) and C(q), such that ¥(z)
remains uniformly bounded on C™.

bl (I—zA)~1 !
w(z) — bT((I_ZA))_f:, with CC] e % (qulcq+1 - ACQ) :

(s)
Q@ For SAFERK methods we have 1(0c0) = )
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Convergence on stiff semilinear problems

y (1) =Jy+gt,y), plJ]=0(1), Ly(y) = O(1).

e Q@ The global error y,, — y(t,,) fulfils

LobattolITA(s) | RadaullA(s—1) | SAFERK(«, s)
@ O(hmax{4,s}) O(hs) O(hmin{s—l—l,23—3})

Q@ Optimal B-convergence O(h9t1): for A—, AS— and ASI—
stable methods fulfilling B(q + 1) and C(q), such that ¥(z)
remains uniformly bounded on C™.

Q@  ASI—stability (resp. AS—stability): I — zA is regular,
z€C™,and (I — zA)~! (resp. zb (I — zA)~1) is uniformly
bounded on C™.
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Convergence on DAEs
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Convergence on DAEs

1. Index 1 DAEs

y/(t) o f(yv 2)7 0= g(y, Z), det(gz(y, Z)) # 0.
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Convergence on DAEs

1. Index 1 DAEs

y/(t) e f(yv Z)? 0= g(y, Z), det(gz(y, Z)) =+ 0.

a0 @ For consistent initial values (yo, 29), i-e. 9(yo, 20) = 0, the
advancing solution provided by a Runge-Kutta method fulfils

P Wi = Unth Y aiif (Yojs Zns), 0= g(¥os Zrgs el s
5=l

with Yn,l = Yn, Zn,l — Rny Ynt+1 = Yn,s and “n+1 — Zn,s-
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Convergence on DAEs

1. Index 1 DAEs

y/(t) e f(yv Z)? 0= g(y, Z), det(gz(y, Z)) =+ 0.

a0 @ For consistent initial values (yo, 29), i-e. 9(yo, 20) = 0, the
advancing solution provided by a Runge-Kutta method fulfils

S
(0 Wi — Unth > 0ijf(Yojs Znj), 0= gy Zny RN
j=1
with Yn,l = Yn, Zn,l — Rny Ynt+1 = Yn,s and “n+1 — Zn,s-

Q  For stiffly accurate methods, the numerical solutions are
equivalent to those obtained from the ODE ¢/ = f(y, G(y)),
with z = G(y).
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1. Index 1 DAEs

y'(t) = f(y,2), 0=g(y, 2),

it Q@ For consistent initial values (g, 20), i.e. 9(yo,20) = 0, the

Convergence on DAEs

det(gz<ya Z)) ?A 0.

advancing solution provided by a Runge-Kutta method fulfils

@ Yn,i - yn+hz aijf(Ynja an)7 0

J=A

with Yn,l = Yn, Zn,l — Rny Ynt+1 = Yn,s and “n+1 — Zn,s-

Q@ For both components y and z we have full order p

Lobattol ITA(s)

Radaul[A(s — 1)

SAFERK (a,s)

O(h25—2)

O(h28—3)

O(h2s—3)
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Convergence on DAEs

2. Index 2 DAEs
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Convergence on DAEs

2. Index 2 DAEs

y'(t) = f(y,2), 0=g(y), det(gy- f.)(y,2) #0.
Q@ Since el A = 07 and the submatrix A is regular

@ Ym; — UYn + hz aijf(Ynj, an), 0= g(Ym;), 1 S 1 S S
=1

admits a locally unique solution { (Y}, Zn;)};_; such that
Y = Yn and Zp1 = zp.

Q@ We have that z,4+1 = Z,5 and y,11 = Y5, with g(yp+1) = 0.
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Convergence on DAEs

2. Index 2 DAEs

y'(t) = f(y,2), 0=g(y), det(gy- f.)(y,2) #0.

@ L. Jay (BIT, 1993): global error estimates for the whole family
of stiffly accurate methods with a first internal stage of explicit
@ type and a regular submatrix A= (aij)ggi,jgs.

Q@ For consistent initial values (g, 209), we get

Lobattol [TA(s) | RadaullA(s —1) | SAFERK (a, s)
O(h28_2, hs—l) O(h28—3’ hs—l) O(h28_3, hs)
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Implementation Issues
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Implementation Issues

1. Solving the stage equation:
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Implementation Issues

1. Solving the stage equation:

. 0 | o” .
Since A = — |, the stage equation
A | A

Y=eQuyn,+h(ARQRI)F(t,,Y),
with Y = (YlT, . ,Y4T)T, Y; =~ y(t, + hc;), reduces to
Z — A1 ®I)f(tn,yn) —h(ARI)F(Z) =0

with Z = (22, 2T, Z1)T  and Z; = Y; — yj.
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Implementation Issues

1. Solving the stage equation:

. 0 | o” .
Since A = — |, the stage equation
A | A

Y=eQy,+h(ARQI)F(t,,Y),
with Y = (YlT, - ,Y4T)T, Y; =~ y(t, + hc;), reduces to
Z —h(A1 D) f(th,yn) —h(ARIF(Z) =0
with Z = (Z3,Z% ZF)! and Z;, = Y; — y,.
The simplified Newton iteration then reads as

(I—h(AQI))AZW) = —ZW L h(A1 QD) f(tn, yn) +h(ASQI)F(Z®))

af

J:8—y

(tnayn)a AZ(V) = Z(V—H) — Z(V)
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Implementation Issues

it

v 0
Since T 1A 'T=A=| 0 § —w |, the iteration process Iis

0 w o

it

(AIAQT —IQ HNAWW = —p YA )W®
+AT A1 @ f(tn, yn)
a0 +HT '@ DF(T @ HWW)

with W) .= (T @ 1N Z®) and AW®) = WE+h _ ),
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Implementation Issues

v 0
Since T-1A T = A = 0 0 —w |, the iteration process is
0 w o
it
(AIAQT —IQ HNAWW = —p YA )W®
+AT A1 @ f(tn, yn)
a0 +HT '@ DF(T @ HWW)

with W) .= (T @ 1N Z®) and AW®) = WE+h _ ),

Q@  In particular, this linear system requires a LU-decomposition
for the matrix (h=1~yI — J) at each integration step.

Q_ The corresponding iteration for the RadaullA method is
essentially the same as for SAFERK methods but with

Ay =0.
— p. 19/43



Implementation Issues

it
(RIAQI —IQ AW = —p YA )W®
‘|'AT_1A1 ® f(tna yn)
0 +(T ' HF(T @ HWW).

Q_ The iterative scheme is stopped at the first iteration r, such
that

max (2] — Z]7'|| < ¢-Tol, c:=003.

@ 2<i<4
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Implementation Issues

(RIAQI —IQ AW = —p YA )W®
‘|‘AT_1A1 ® f(tm yn)
0 HT '@ DF(T @ HW®).
Q_ The iterative scheme is stopped at the first iteration r, such
that
max (2] — Z]7'|| < ¢-Tol, c:=003.
@ 2<i<4

Q@ For the first integration step n = 0 and the first iterate v = 0
we consider Z(9) =0 (i.e., W = 0) and then

(RIART —T® )WY = (AT A, + T71é) ® f(to, o)
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Implementation Issues

(RIAQI —IQ AW = —p YA )W®
‘|‘AT_1A1 ® f(tm yn)
+(T ' HF(T @ HWW).

Q_ The iterative scheme is stopped at the first iteration r, such
that

max (2] — Z]7'|| < ¢-Tol, c:=003.

@ 2<i<4

Q@ For subsequent time steps, extrapolated collocation initial
guesses are considered:

0 .
Z@'(,n)_|_1 e (](tn—i—l + Cihn—H) T Yn — Yn+1, 1 <1< 47

with ¢(¢) € II3 such that q(t,) = 0 and q(t,, + cihyn) = Zi n,
2<i<4.
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Implementation Issues

2. Embedded formula for the local error estimation:
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Implementation Issues

2. Embedded formula for the local error estimation:

Q A fourth order formula cannot be embedded to a given
s SAFERK (a,4) method (of order 5).
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Implementation Issues

2. Embedded formula for the local error estimation:

@  For each SAFERK («,4) method, a one-parameter family of
s third order methods can be embedded.

co | a9y
cs | asy A
C4 a41
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Implementation Issues

2. Embedded formula for the local error estimation:

@  For each SAFERK («,4) method, a one-parameter family of
s third order methods can be embedded.

co | a9y
cs | asy A
C4 a41

(3) | di do d3 dy

Q@ The local error estimation for the RadaullA(3) requires an
extra function evaluation at each integration point f(t,,yn)
(by adding a first stage of explicit type).
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Implementation Issues

2. Embedded formula for the local error estimation:

@  For each SAFERK («,4) method, a one-parameter family of
s third order methods can be embedded.

co | a9y
cs | asy A
C4 a41

(3) | di do d3 dy

Q@ Hence, the local error estimation for both SAFERK (c, 4)
and RadaullA(3) methods requires the same number of
function evaluations at each integration step.

- p.21/43



Implementation Issues

From the stage equation for the SAFERK (c,4) method:

hE(Z) = (A_l RI)(Z —hA1 @ f(tn,yn))-
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Implementation Issues

From the stage equation for the SAFERK (c,4) method:

hE(Z) = ("Zi_l RI)(Z —hA1 @ f(tn,yn))-

@ The local error estimator
4
gn—l—l_yn—l—l : h(dl_bl)f(tna yn)"’_hZ(dz_bz)f (tn + Ciha Un 20 Zi)
i=2
P 4
can be expressed as  Yni+1 — Yna1 = hf(tn, yn) - €1 + Z e; L;

i=2
with

€1 = (d1 - bl) — (d = b)TA_lAl,

~ ~

(62, €3, 64)T 1= (d = b)TA_l.
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Implementation Issues

However, on linear problems y’ = Ay, this local error estimator is
unbounded for z = hA — o0

) Un+1 — Yn+1 = €12Yn.
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Implementation Issues

However, on linear problems y’ = Ay, this local error estimator is
unbounded for z = hA — o0

@ Yn+1 — Yn+1 = €12Yn.
QA filtering process is then considered
0 err = (I — hy T (gn sy

Recall that an LU-decomposition for (h=t~I — J) is already
available.
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Implementation Issues

However, on linear problems y’ = Ay, this local error estimator is
unbounded for z = hA — o0

Ynt+1 — Yn+1 = €12Yn.
QA filtering process is then considered
err = (I — hy T (gn sy

Recall that an LU-decomposition for (h=t~I — J) is already
available.

Q@ Observe that we still have err = O(h*) for h — 0,
whereas for linear problems and z — oo

err — —(e17v)Yn.

- p. 23/43



Implementation Issues

Q@ A second filtering is done after rejections with ||err|| > 1:

4
err = (I — hy=1J)1 <€1hf(tn, Yn + err) + Z@'Z:)

1=2
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Implementation Issues

Q@ A second filtering is done after rejections with ||err|| > 1:

4
err = (I — hy=1J)1 <€1hf(tn, Yn + err) + Z@'Z:)

1=2

Q@ Now, for linear problems and z — o0

iy 1—z(vt—e
err = 4 1)€TT%O<:>€1 =~ L

@ 1 — zy—1
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Implementation Issues

Q@ A second filtering is done after rejections with ||err|| > 1:

4
err = (I — hy=1J)1 <elhf(tn, yn + err) + ZG¢Z¢>
i=2
Q_ Now, for linear problems and z — oo

1 —z2(y1-
eErr = Z(V 61)

@ 1 — zy—1

Q@  This latter condition determines a unique embedded method
(i.e., the parameter d;) for the underlying SAFERK (a,4)
method.

err - 0 <= e = .
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Implementation Issues

Q@ A second filtering is done after rejections with ||err|| > 1:

4
err = (I — hy=1J)1 <61hf(tn, Yn + err) + Z&;ZL)

1=2

Q@ Now, for linear problems and z — o0

. 1—z(vt—e
err = 0 1)€TTHO<:>61 =~ 1

@ 1 — zy—1

Q_ The filtered local error estimator is then computed from

4
(h_17] _ J)Ei?“?“ — f(tna yn) + h_lz(ei’y)zi'
1=2
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Implementation Issues

Q@ A second filtering is done after rejections with ||err|| > 1:

1=2

4
err = (I — hy~tJ)~1 <€1hf(tn, Un + €T7) + Z@‘ZL)
Q@ Now, for linear problems and z — o0
1

. 1—z(yl-
err = Z('Y 61)

@ 1 — zy—1

Q_ The filtered local error estimator is then computed from

err - 0 <= e = .

4
(h_17] B J)Ei?“?“ — f(tna yn) + h_lz(eify)zi-
i=2
Q@  The stepsize prediction is done under the same conditions as
for the RADAU5S code, preferably Gustaffson’s controller:

Cn—|— 1 Cn

H€7“7“n+1H ~ Cnhia

—p. 24/43



Numerical experiments
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Numerical experiments

Q_ We present efficiency plots for the RADAU5 code and a
RADAU5-based implementation for some selected 4-stage
SAFERK methods on several test problems.

@ @ Comparisons regarding the variable order code RADAU (based
on RadaullA methods of orders 5,9,13) will be also drawn.
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Numerical experiments

Q_ We present efficiency plots for the RADAU5 code and a
RADAU5-based implementation for some selected 4-stage
SAFERK methods on several test problems.

Pl e

Q

Comparisons regarding the variable order code RADAU (based
on RadaullA methods of orders 5,9,13) will be also drawn.

The free parameter o defining the 4-stage SAFERK
methods can be substituted by (3, standing for the node c3

(0=c <ca(f) <c3:=0<1=cy):

(8 -1)(58 - 2)
B(56 - 3)

1%  EC5(SAFERK(B,4)) Q\F 11— 58+ 552
()= ECs(RadauIIA(3)) ~ V103  [1—28]

R(oc0, ) =
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Numerical experiments

Q@ A-stable SAFERK methods with /C4(3) < 1 are obtained iff
p1 < B < B2, with
@ ﬂ A 5‘|—\/_ Y 0/723 62 . % 1+ 110 248-|—\/4047 0/893

- p. 27/43



Numerical experiments

Q@ A-stable SAFERK methods with /C4(3) < 1 are obtained iff
p1 < B < B2, with

@ 61 A 5—|i(\)/5 ey 0/723’ 62 . % 1+ 1_10 248-|—\2/940479 3 0/893

Q_ Depending on the kind of problem under consideration, it could
be preferred to have either more damping at infinity or smaller
error coefficients in the principal term of the local error.
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Numerical experiments

Q@ A-stable SAFERK methods with /C4(3) < 1 are obtained iff
p1 < B < B2, with

_ 5+v5 - _ 1, 1 ,/248+/40479 -
@ 61 i 0,7237 62 — 9 S 10 20 = 0/893
Q_ Depending on the kind of problem under consideration, it could
be preferred to have either more damping at infinity or smaller

error coefficients in the principal term of the local error.

Q@ For numerical illustrations regarding fixed stepsize integrations,
in JCAM2010 we consider

METHOD | g3 R(o0, 8) IC(5)

SAFERKI | 0.73 | —0.9388... | 0.0473...
SAFERK2 | 0.74 | —0.8532... | 0.1188...
SAFERK3 | 0.75 | —0.7777... | 0.1876...
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Numerical experiments

Q_ In order to balance the influence of the damping at infinity and
the principal term of local error, we consider the following
optimization options:

(10 @ min |R(co,3)|+ K(3) — SAFERK4:
BE(B1,82]

@ min max{|R(c0,3)|,(3)} — SAFERK5
BE[B1,82]
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Numerical experiments

Q_ In order to balance the influence of the damping at infinity and

the principal term of local error, we consider the following

optimization options:

(0 @ min |R(oco,B)| + K(3) — SAFERK4;

Be(B1,82]

@ min max{|R(c0,3)|,(3)} — SAFERK5

Be(B1,082]

Q. Summing up:

METHOD 3 R(c0, B) K(6)
SAFERK1 0.73 —0.9388... | 0.0473. ..
SAFERK? 0.74 —0.8532... | 0.1188. ..
SAFERK3 0.75 —0.7777... | 0.1876.. ..
SAFERK4 | 0.7566... | —0.7325... | 0.2317...
SAFERKS5 | 0.79997... | —0.5001... | 0.5001. ..
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Numerical experiments

The Ring Modulator:

Q@ The problem comes from electrical circuit analysis and
describes the behavior of the ring modulator for a given circuit
@ diagram with 7 capacitors and 8 inductors.
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Numerical experiments

The Ring Modulator:

Q@ The problem comes from electrical circuit analysis and
describes the behavior of the ring modulator for a given circuit

@ diagram with 7 capacitors and 8 inductors.
)
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Numerical experiments

The Ring Modulator:

Q@ The problem comes from electrical circuit analysis and
describes the behavior of the ring modulator for a given circuit
@ diagram with 7 capacitors and 8 inductors.

Q_ For nonzero values of a certain free-parameter associated to
the circuit, the problem reduces to a system of 15 ODEs

y = ft,y), yeR®, te€l0,107°].
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Numerical experiments

The Ring Modulator:

Q@ The problem comes from electrical circuit analysis and
describes the behavior of the ring modulator for a given circuit
@ diagram with 7 capacitors and 8 inductors.

Q_ For nonzero values of a certain free-parameter associated to
the circuit, the problem reduces to a system of 15 ODEs

y = fty), yeR®, te[0,107°]
Q@ For the work-precision diagrams, we have used:
rtol = atol = 10~/ < m < 20,

ho = 1072 - rtol.
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Numerical experiments

The Ring Modulator:

Q

The problem comes from electrical circuit analysis and
describes the behavior of the ring modulator for a given circuit
diagram with 7 capacitors and 8 inductors.

For nonzero values of a certain free-parameter associated to
the circuit, the problem reduces to a system of 15 ODEs

y = fty), yeR®, te[0,107°]
For the work-precision diagrams, we have used:
rtol = atol = 10_(7+m/4), 0 <m <20,

ho = 1072 - rtol.
The code RADAU failed at the tolerances for 0 < m < 15.
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The Ring Modulator:

10° RING MODULATOR (ATOL=RTOL=10""...10"*?, H0=10"*RTOL)
4 \ \ \ \ \
—6—RADAU5
—B— SAFERK1
3.5F —— SAFERK?2 | -
—— SAFERK3
—— SAFERK4
3 SAFERKS5 | _
—O— RADAU
2.5 -
c
8
27 —
1.5+ -
17 —]
0.5 %-—9—0 a:
3 9 10

scd
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Numerical experiments

The two Transistor Amplifier:

Q_ The problem originates from electrical circuit analysis and it is
a model for a two transistor amplifier.
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The two Transistor Amplifier:

Q_ The problem originates from electrical circuit analysis and it is
a model for a two transistor amplifier.

— p. 31/43



Numerical experiments

The two Transistor Amplifier:

Q_ The problem originates from electrical circuit analysis and it is
a model for a two transistor amplifier.

Q_ |t is a stiff DAE of index 1 and dimension 8
My = f(t,y), yeR® te€]0,0.2].

where the matrix M is tridiagonal and has rank 5. All
components of y are of index 1.

— p. 31/43



Numerical experiments

The two Transistor Amplifier:

Q_ The problem originates from electrical circuit analysis and it is
a model for a two transistor amplifier.

Q_ |t is a stiff DAE of index 1 and dimension 8
My = f(t,y), yeR® te€]0,0.2].

where the matrix M is tridiagonal and has rank 5. All
components of y are of index 1.

Q@ For the work-precision diagrams, we used:
rtol = atol = 10_(6+m/4), 0 <m <16,

ho = 1072 - rtol.
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The two Transistor Amplifier:

x 10
5 i i i i
n
—©—RADAUS
45| —B—SAFERK1 7 —
—¥— SAFERK?2
—— SAFERKS3 "
41~ | —— SAFERK4 n 1
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3.5 o l —
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TWO TRANSISTOR AMPLIFIER (ATOL=RTOL=10"°...107%9)

11
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The two Transistor Amplifier:

« 10° TWO TRANSISTOR AMPLIFIER (ATOL=RTOL=10"°...107%9)
5 I T T T T T
—6—- RADAU5
—+— SAFERK4
4.5 SAFERK5 7
—5— RADAU
47 —
3.5 -
S 3 _
25k -
21 N -
1.5 .
1 | | | | | | | |
5.5 6 6.5 7 75 8 8.5 9 9.5 10 10.5

— p. 32/43



Numerical experiments

The water tube system:

Q@  The problem is an index 2 DAE of dimension 49, and models
the water flow through a tube system, by considering
@ turbulence and the roughness of the tube walls:
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Q@  The problem is an index 2 DAE of dimension 49, and models
the water flow through a tube system, by considering
@ turbulence and the roughness of the tube walls:
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Numerical experiments

The water tube system:
Q@  The problem is an index 2 DAE of dimension 49, and models
the water flow through a tube system, by considering
@ turbulence and the roughness of the tube walls:
M? 0 0
My = f(t,y), yeR¥ tc[0,17-3600], M=] 0 0 0 |,

e 0 0 MP
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Numerical experiments

The water tube system:

Q@  The problem is an index 2 DAE of dimension 49, and models
the water flow through a tube system, by considering

@ turbulence and the roughness of the tube walls:
M? 0 0
My = f(t,y), yeR¥ tc[0,17-3600], M=] 0 0 0 |,
it 0 0 M

where M? € R'®18 s diagonal, and MP € R'313 only has nonzero
elements M7, and MJ,.
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Numerical experiments

The water tube system:

Q@  The problem is an index 2 DAE of dimension 49, and models
the water flow through a tube system, by considering

@ turbulence and the roughness of the tube walls:
M? 0 0
My = f(t,y), yeR¥ tc[0,17-3600], M=] 0 0 0 |,
it 0 0 M

Q_  The first 38 components of y are of index 1, whereas the last
11 are of index 2.
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Numerical experiments

The water tube system:

Q@  The problem is an index 2 DAE of dimension 49, and models
the water flow through a tube system, by considering

@ turbulence and the roughness of the tube walls:
M? 0 0
My = f(t,y), yeR¥ t€[0,17-3600, M=| 0 0 0
it 0 0 M

Q_  The first 38 components of y are of index 1, whereas the last
11 are of index 2.

Q@ The problem has been integrated with
rtol = 10T/ ho = atol = rtol, 0<m < 24.

Q@ RADAU failed for m =0,...,6,8,9,11,...,14,16,...,20,24.
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The water tube system:

WATER TUBE (ATOL=RTOL=10"°...107%?)

12000 ‘ ‘ ‘ ‘
—©- RADAUS5
—%— SAFERK2
L0000l | SAFERKS |
—— SAFERK4
SAFERKS
8000 |- -
5 60001 -
4000~ i
2000/~ ; % i
S Q)_?V‘
0 | | | | |
1 2 3 4 5 6 7
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Numerical experiments

The Plate Problem:

utt+wut+0AAu:f(xay7t)a (Qf,y)EQ, OStS’?a
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Numerical experiments

The Plate Problem:

utt+wut+0AAu:f(xay7t)a (ajay) = Qa 0<1?< 77
Q={(z,y)/0<2<2, 0<y<4/3}

@ u‘@Q:Oa A’LL‘@on, u(xay70) e 07 ut(:c,y,()) = 0.

200(e~5(-2-2) 4 =5(t=2=5)%)  ify = 4/9 8/9,
0, otherwise.

f(z,y,1) ={
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Numerical experiments

The Plate Problem:

utt+wut+0AAu:f(xay7t)a (ajay)EQ7 O§t§77

Q@ We consider the grid z; = i7 (0 <7 <9), y; =47
(0 < j <6), with 7 =2/9, whereas AA is discretized by

@ means of

1
2 -3 2
1 -8 20 -8 1
2 -3 2

1
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Numerical experiments

The Plate Problem:

utt+wut+0AAu:f(xay7t)a (ajay)EQ7 O§t§77

Q@ An ODE of dimension 80 with Jacobian eigenvalues in the
wedge {z/ Arg(—z) < 71°, —500 < Re z < 0} is obtained for

@ w = 1000 and o = 100.
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Numerical experiments

The Plate Problem:

utt+wut+0AAu:f(x7y7t)7 (ajay)EQa O§t§77

Q@ An ODE of dimension 80 with Jacobian eigenvalues in the
wedge {z/ Arg(—z) < 71°, —500 < Re z < 0} is obtained for
@ w = 1000 and o = 100.

Q@ This problem has been integrated in the interval [0, 7] with
tolerances

rtol = 10_(2+m/4), atol = 1073 - rtol, 0 <m < 32,

ho = 1072 - rtol.
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The Plate Problem:

fcn
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The Plate Problem:

fcn

5000

4500

4000

3500

3000
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500

PLATE (ATOL=10"3[RTOL, RTOL=102...10"%0)
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—O— RADAU
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Numerical experiments

The Robertson reaction:
[yl (t) = —0.04y, (t) + 10%y2ys, y1(0) =1,
(10 ¢ yh(t) = 0.04yy (t) — 10%yoys — 3 - 107y, 42(0) = 0,
| y5(t) =3-107y3, y3(0) = 0
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Numerical experiments

The Robertson reaction:

5

1 (t) = —0.04y1(t) + 10%y2ys3, y1(0) = 1,
yh(t) = 0.04y1(t) — 10%y9y3 — 3 - 107y3, 42(0) = 0,
ys5(t) = 3-107y3, y3(0) = 0.

Q_ This problem has an initial transient phase close to t = 0.
Moreover, it has a semi-stable equilibrium, which gives rise to

unstable integrations in large intervals for non Strongly
A-stable methods.
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Numerical experiments

The Robertson reaction:

1 (t) = —0.04y1(t) + 10%y2ys3, y1(0) = 1,
00 & yh(t) = 0.04y;1(t) — 10*y2ys — 3-107y3, y2(0) =0,
\ ys3(t) =3+ 107y%> y3(0) = 0.
Q_ This problem has an initial transient phase close to t = 0.
@ Moreover, it has a semi-stable equilibrium, which gives rise to

unstable integrations in large intervals for non Strongly
A-stable methods.

Q It has been integrated in ¢ € [0, 10'!] with

rtol = 10~+m/4) 0 < m < 32,
atol = 1072 - rtol, and atol = 10~% - rtol,
ho = 1072 - rtol.
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The Robertson reaction:

fcn
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The Robertson reaction:

ROBERTSON (RTOL=10"%...107%2, ATOL=10"*RTOL)
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Concluding remarks

Q_  Adaptive strongly A-stable 4-stage SAFERK methods have
been shown to be competitive to the RadaullA(3) method

when implemented in a similar fashion as in the RADAUbS code
@ by E. Hairer and G. Wanner.
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Concluding remarks

Q_  Adaptive strongly A-stable 4-stage SAFERK methods have
been shown to be competitive to the RadaullA(3) method
when implemented in a similar fashion as in the RADAUbS code

@ by E. Hairer and G. Wanner.

Q  Adaptive SAFERK methods have been tested on 23
problems from the Test Set for IVP Solvers (Univ. Bari, Italy)

@ http://pitagora.dm.uniba.it/ testset/

and the Ernst Hairer's website

http://www.unige.ch/ hairer/testset/testset.html.

SAFFERKn

clearly improves

slightly improves

similar to

RADAUS

10/23

8/23

3/23
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Concluding remarks

Q@ Regarding the variable order code RADAU, adaptive
SAFERK methods with enough damping at infinity turn out
to be competitive and perform similarly on most of problems

when considering medium tolerances.
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Concluding remarks

Q@ Regarding the variable order code RADAU, adaptive
SAFERK methods with enough damping at infinity turn out
to be competitive and perform similarly on most of problems

@ when considering medium tolerances.

Q@ For stringent tolerances, the RADAU code reflects the
combination of higher order (RADAUIIA) methods, and it is
clearly advantageous over both SAFERK and RADAUS5.
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