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Brolectlon met"oas

Consider a differential system with a scalar invariant F'(y)

G(y(t)) = F(y) — F(y(to)) =0 forallt

& Given a numerical method that provides an approximation 4,41
to the solution y(t,+1), find the parameter A,, such that

G(gn-i-l + 'UnAn) =0

with v,, some projection direction. The new (projected)
approximation is
Yn+1 = gn—l-l + vpAn

& The direction vector v,, defines the projection method.
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prOIGCIIOH memoas

Simplified Orthogonal projection (Hairer et al.)

VUn — VG(gn—l-l)Ta
G(Un+1 + AnVG(Gnt1)T) =0

Yn+1
\\\
N\
\

v Yn+1

Only a scalar nonlinear equation must be solved.
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Hunge—kutta EI’OIECtIOH

Runge—Kutta schemes
S
Yi=yn+h > ai;f(Y;), i=1,...,s
j=1

gn—l—l = Yn + h ';1 b,,,f(l/,)

Direction of projection (based on an embedded RK method)

gn-l—l =yn+h Z B’l,.f(}/tl.)

=1
S ~
VUp = Gnt1 — Gnt1 = h X (b; — b;) F(Y5)
i1

Ynt1l = Unt+1 + An(On+1 — Int1) = (1 — An)Yn+1 + AnTn+1

Yn+1 IS @ convex linear combination of Runge—Kutta approximations,
which is also a Runge—Kutta method.

J.l. Montijano — IUMA Projection methods



Ynt1l = Un+1 + An(Unt1 — Unt1) = (1 — An)Unt1 + Anbnt1

Un+1
L Unta

* v Yntd
[

1

Y(tn+t1)
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Runge—Kutta projection

Main results

Let ¥n+1 and gn+1 have orders p and g(< p) respectively and let
Cq+1(yn)h?t! the leading term of error of the embedded method.

C f VG(yn) - Cq+1(yn) # 0, for h small enough, there exist
An = )\(yn, h) and y(tn+1) — Ynt1 = O(hp+1)_

& VG (yn) - vn = B(yn)h" + O(hr—i_l)’ r > 1, B(yn) # 0 and
2r < p, then for h small enough there exist A,, = A(yn, ) and
Y(tnt1) — Ynp1 = O(RP77TT)

C The projected Runge—Kutta method preserves all linear first

integrals

C The projected method is affine invariant

SIAM J. Sci. Comput. 28 (2006), no. 3, 868—885.
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Hunae—ku“a EI’OIGCIIOI‘I

The direction of projection

The projected approximation depends on the embedded method
'gn+1-

Can we chose it in an optimal way?

& Minimizing the error |y(tn+1) — Yn+1|
& Ensuring the existence of the projection
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Hunae—Ruua EI‘OIGCIIOI‘I

Ynt1 = Un+1 + An(nt1 — Unt1) = (1 — An)Ynt1 + AnGnt1

Unt1
e YUnt1 Y(tnt1)  Gnyr

Y(tnt1)
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OW dispersion error rojection

Desired properties for gn+1:

€ G(Yn+1) and G(gn+1) have opposite signs.

& If gnt1 advances the phase with respect to y(tn+1), then gn41
must delay it, and conversely.
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OW dispersion error rojection

Linear problem
Yy = 0w Y — ' = iwx
—w 0

G = llyl* = ly(O)I* «— g(z) = |z| — |z(0)]|

This equivalence is valid if the method is affine invariant !
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OW dispersion error rojection

Linear problem

Yi=yn+h ) ai;f(Y;), i1=1,...,s
j=1

gn—l—l = Yn + h Z bzf(YL)

2=1
gn-l—l = Yn + h Z B’Lf(YL)
=1
Denoting z = iwh,

Jnt1 = R(2)yn, R(z) =1+ z+bTc2?+...+bTA2c 2"

Unt1 = R(2)yn, R(z) =1+z+bTcz?+...+bTA°2c2*
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Oow dispersion error rojection

Linear problem

y(tn—l—l) = yoeiwtn-i-l g ehzwy(tn) «—> gn+1 = R(ihw)yn
Local error: §n i1 — Y(tni1; tns yn) = (R(thw) — eP)y,

Components:

Modulus:  |Fnt1| = [¥(tnt15 tns Yn)| = lynl(IR(2)] — 1)

Phase:  arg§ni1 — arg y(tni1;tn, yn) = arg R(hiw) — hw

& Dissipation error: d(v) = |R(iv)| — 1
& Dispersion error: ¢(v) = arg R(iv) — v
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OW dispersion error rojection

Linear problem

G(Jnt1) >0 — d(hw) = |R(ihw)| —1 >0

Un+1 advances in phase «—— p(hw) >0

We search for an embedded method 3,41 such that
d(v)d(v) <0,  @(r)@(v) <0,

for v € R small enough.
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[yl = lyol
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ow ISBGI‘SIOI‘I error EI‘OIGC ion

3 stages, order 3

2 3

- z z
R =1 — 4+ —
(2) tat o+
- 1 1
. 2_1:__ 4 _ ,,6
|R(iv)| ) %21/ + 367
() — 5 _ T OW°
P =507 T s TOD

We want a first order method, 3 stages

R(z) =14 z+ az? + 323
In this case

|R(iv)|? — 1 = (1 — 2a)v? + (a® — 28)v* + B2

cﬁ(u):<—%+a—,@>u3+(%—a-l—az-l—ﬂ—a,fj)wr’-l—@(lﬂ)
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Oow dispersion error rojection

3 stages, order 3
The embedded method of order 1 with 3 stages must satisfy

1-2a>0, and 1/3—a+B8>0

C a=p8=0 Euler method
€ B8=0, a<1/3 2 stages method
C a<1/2, B>a—-1/3 3 stages method

Can we chose the parameters «, 8 in some way ?
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1yl = lvol
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ow ISBerSIOI‘I error EI’OIECtIOﬂ

3 stages, order 3
The projected approximation is

Ynt+1 = (1 — An)Un+1 + Anbnt1
with A,, the solution of
|R(iv)|2 = |(1 — Ap)R(iv) + A R(iv)|? =1
Solving for A,, and substituting into ¢ (v)

1+3a—158 5 1—240? —4a+ 168a8 — 25232

7 9
180(1 — 2a) 1512(1 — 2a)2 vi+ 00

p(v) =

We can chose «, 3 such that the projected method has dispersion
error of order 6

B=(1+3a)/15 = o) =0
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OW dispersion error rojection

3 stages, order 3
C R(z)=1+4+2+2%2/2+23/6
C R(z)=142z+az?+ (1+3a)z3/15

v+ 01?0

C IR(v)| = 1= p(v) =~

Conditions on the coefficients of the method
bTe—b1+b2+b3 =1

bTC = b202 =+ b3C3 =«
bTAC = b3a3202 = (1 + 3a)/15
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OW aispersion error rojection
Bogacki and Shampine (Matlab pair 2(3) )
3
K:yn'i'hzazgf(}fg)’ i:]-""’3
j=1

3
gn-l—l = Yn + h Z bz.f(YL)

=1
~ 3 4
In+1 = Yn+ h > bif(Y3)
=1
0
c A 1/21/2
q= bT 2/9 1/3 4/9
Bl Bz 63
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OW dispersion error rojection

3 stages, order 3

© b=(2/9,1/3,4/9)T

& b= (b1, b2, b3)7
§T6=§1+62-|:B3:1

{)TC = b2}_/2 + b33/4 =

bTAc = b3(3/4)(1/2) = (1 + 3a)/15

000

& bs =8(1+3a)/45
& by = 2a — 3bs/2
: 81:1—62—63

Fora=-1/3, b= (5/3,—2/3,0)T

J.l. Montijano — IUMA Projection methods



! Numerlcal exgerlmenl

Harmonic oscillator

Error

~-Standard
-e-Orthogonal projection
~¢-Low dispersion projection

Y1 = Y2
yé = —u
t € [0, 207]
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Oow dispersion error rojection

General problems
y' = f(t,y), yo) =vo, G(y(t)) =0

dw)d(v) <0 # G(§in41)G(nt1) <0

Can we find gn+1 such that G(9n+1)G(Gn+1) < 0?
We know G(y,) = 0,

G(Yn+1) Can be evaluated,

Un+1 has order p,

Un+1 has order q,

G (9Yn+1) depends on the free parameters (a, 8) !.

o000
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Oow dispersion error rojection

G(Un+1) = G(Unt1 + Unt1 — Unt1) =
G(Gn+1) + VG (Fnt1) (@nt1 — nt1) + O(R2ITD) =
VG (Gn+1) (nt1 — Gnt1) + O(R2@TD) 4 O(RPFT)

We look for g1 such that
G(Ynt+1) VG (Ynt1)(Int1 — Yny1) <0
Bogacki-Shampine
Unt1 = (2/9)F (Y1) + (3/9)F(Y2) + (4/9)f(Ys)

Gut1 = bif (V1) + (o — 86)(¥a) + L AF(V3)
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OW dispersion error rojection

Bogacki-Shampine
VG (Unt1)(Ont1 — Unt1) = Zf:l(i’i —b;)K;
K; = VG(Yn+1)f(Yi)

If B = (1+ 3a)/15

- . - 1
VG (Unt1) @nt1 — Unt1) = ala — 5)
a = —2(13K1 — 9K2 — 4K3)/15

G(Un+t1)a > 0 = G(Ynt1)G(Jn41) <O
forall &« < 1/2 and h small enough
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Oow dispersion error rojection

Bogacki-Shampine

[ G(gn+1)(—2(13K1 — 9K, — 4K3)/15) >0
a < 1/2 and 8 = (1+3a)/15 = G(gn-i-l)G(gn-l-l) <1

€ G(Yn+1)(—2(183K; — 9K, — 4K3)/15) < 0
There exist a and 8 such that

VG(gn+1)(gn+1 - yn+1) = Zf:l(i)z - bi)Ki <0

p(v)p(v) <0

d(v)d(v) <0

Incompatible with 8 = (1 4+ 3a) /15

0000
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umerical experiments. rree rigi (o]

Kinematic equations in terms of quaternions

q0 0 —wi(t) —wa(t) —ws(t) qo
df g | _1 [ wi(e) 0 wz(t) —wa(?t) q
dt | a2 | 2 | wa(t) —ws(t) 0 wy (t) q2
qgs ws (t) 1U2(t) —w1 (t) 0 qs

w;(t) solutions of Euler’'s equations

Firstintegral:  q(t)Tq(t) = ||q(t)|?
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Numerlca' exgerlmenls: Free I‘Iala Boax

Free rigid body (kinematic equations)

10_‘ T

o —+Standard

10 F -o-Orthogonal projection

—+-Low dispersion projection

10°F E

ol 1 a) = M(w(t))q(t)
5l 1 G(g) = llqlI* -1

3 t € [0,46.6]

10 E

10*107 |

10— : : L

10 10
N steps

Integrated in the quaternions form, with exact angular velocities w(t)
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Numerlcal exgerlmenls: EOlka- Uo"erra

Lotka-Volterra, 10 periods

10° T
- Standard
-e-Orthogonal projection
~+Low dispersion projection
w0t - i

y; = y1(y2 — 2)
Yy =y2(1 — 1)

0
0 1

y2(0) =1
0 t € [0,46.6]
107 1

steps

|lglobal error||

G(y) =logys —y1 +2logys — y2 + 2
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Numerlcal exgerlmenls: Wave eauallon

Ou + Ou 0 eER, t>0
Az =Y 3 Z Y,
at = Oz
u(z,0) = ®(x), limy_oo P(x) =0
Symmetric spatial discretization (a; = —a_;)
ou(xzj,t 1
(. M ~ —(a_Nu(mj_N, t) + ...+ aNu(a:j+N, t)),
ox Ax

du;(t) 1 N
Tt T Ay W) =0,

Invariants
& >, u;(t) = (almost) constant
€ Y, u;(t)? = constant

[
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Numerlcal exgerlmenls: Wave eauallon

) Transport equation
10 " ] i

~+-Standard
10°F ~e-Orthogonal projection 4
-+-Low dispersion projection

i . L

10° 10

N steps

G(u) = [lull3 — [lu(0)II3
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Numerlcal exeerlments: Wave eﬂuatlon

Method G(u)

h = 0.32 h = 0.08 h = 0.02
No projection | —7.15 x 1073 | —1.18 x 1074 | —1.86 x 10~
Orth. proj. 0 0 0
Low disp. proj. 0 0 0
Method >, ui — 3 ui(0)

h = 0.32 h = 0.08 h = 0.02
No projection | 6.50 x 10710 | 5.99 x 10~8 | 6.20 x 108
Orth. proj. 1.02 X 1072 | 1.67 x 10~% | 2.69 x 1076
Low disp. proj. | 2.80 x 10719 | 6.00 x 10—8 | 6.20 x 10~8
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