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Linear Algebra — Combinatorics

12 |11
e rank: , < term-rank: z
11 |11
121
00 3 max matching
001

e Tutte matrix — nonbipartite matching

e rigidity matrix — truss structure

e mixed matrix — electric circuit

Combinatorial approach
numerical — algebraic — combinatorial

computability, tightness: = in <



Periodic Structures (graph/matroid)
A—A—A—-—A— A “eigenset”’ Murota (1990)

S SO

(A,B) — (A,B) — (A, B) *“controllability” Murota (1988)

T+ ST

A—-B—-A—-B—-— A Iwata-Shimizu (2007), Iwata (2007)
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Matrix Pencil
— Kronecker Canonical Form




Matrix Pencil and Equivalence

matrix pencil: sA+ B (S A m)

Kronecker canonical form:

block-diagonal form E by

U(sA+ B)V
U, V: nonsingular (constant)
strict equivalence



Kronecker Form
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Kronecker Form
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Simple RLC circuit

currents voltages
1 1 1

1 —1 O

O 1 -1
—1 0 0 |sC O O
O R 0] 0 —1 O
O 0 sL| O O -1
S —1/L

1/C s+ 1/(RC)

Kronecker form

diag (H (s),4 X Ni(s))

1 Ny, p=1,1,1,1
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Another electric circuit

R1 C__
sA+ B = \V
1 —1 O 0O -1
—1 0 1 1 1 L R2
—1 0 0 0O -1
0 1 1 0O -1
0 O —1 1 0
0 0 O O O |—1 O 0 0 0
O Ry 0 O 0 O —1 O 0 0
0 0O Ry O 0 0 O —1 O 0
0 0 O sL O 0 0 O —1 O
0 0 0 O —1] O 0 0 0 sC

Kronecker form:
R1R> {1 S

L(Ri+Ry) |’ 101
nilpotent block Ny, p=2,1---,1
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Structural Indices

pencil

Kronecker form

sA+ B

U(sA+ B)V

nilpotency pq > -+ > py

degree: subdet

rank: expanded mtx

01,09,03,...

01,09,03,...
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Degree 0;, and rank 6,

0. = max degree in s of a k X k minor of sA + B

(k=0,1,...,r =rank(sA + B))

A k
£ u
Hk — rank B -..
L B A J
expanded matrix (k blocks)
. 0 0
concave: L’IT Z’ST
5k—1 + 5k+1 < 25k 3 15
_ 2 10
convex:
1 5

0, 0 > 20 . .
k=1t Okt1 220 S s s 6 TR 0T 1 2 3 A
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Fundamental

Relations (linear algebra)

pencil

Kronecker form

sA+ B

U(sA+ B)V

nilpotency pq > -+ > py
a N

5, = k — d

>
1=r—k-+1

d .
I 0 = kr — iil min(k, u;)

v

QN

degree: subdet

rank: expanded mtx

51,089,083, . ..

01,069,063, ...
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Combinatorial Bounds
— @Genericity and Tightness
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Combinatorial Bounds and Tightness

linear combinatorial
algebraic graph/matroid
degree S1. < o1,
rank 0y, < 0y,
index [ ] ~ Ly

e What combinatorial bounds 7
e When “=" 7 (tightness)
e Efficiently computable ?

d d
0. = k — > | 0, = kr — > min(k, u;
k P N 127} k Py ( 9/%)
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Combinatorial Bounds: known results

Thm: “=" holds under some genericity assumption
method pencil

d;. < &;. | weighted bipart. generic | folklore
matching Murota(1995)

(degree) | wtd./valuated mixed | Iri, Recski (1970’s)
matroid intersection Murota (1999)

0, < ék bipartite generic | Iwata-Shimizu
matching (2007)

(rank) matroid mixed | Iwata-Takamatsu

intersection

(2011)

7| Relation btwn “5]6 — Sk” and “Hk — ék”
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Graph Representation

_sal 0O O |
sA+ B = sag 0 bq
bo 0 sag

edge weight: A -1 B —=0
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Graph-theoretic Bounds for sA + B

5,? — max-weight k-matching Folklore, M.(1995)
¢ weight: A -1 B — 0

€asy

Thm: 0 = Skg for generic pencils

ékg — max-size matching Iwata-Shimizu (2007)
A—B—-—A—-B—-A—...—B—-—A (kxA’Ss)

Thm: 0O = ékg for generic pencils
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Result (graph-theoretic bounds)

A 0 = max degree of

o, < O k x k minor
1 t "
0, < 0O B A
0;, = rank B ...
B A
Equivalence of tightness:
For any sA + B (without genericity)

0, =0 (Vk) <= 6 =0p (Vk)
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Mixed Matrix Pencil

sSA+ B =

1 1 1 Io(t)<D C=—= RZ= L%V(i)
1 —1 0
O 1 -1

—1 0 0 |sC O O

0 RO 0 —1 0 A=Qa+Ty

0 0 sL | 0O 0 -1 B=Qp+Tg

mixed matrix = const mtx 4+ generic mtx

rank — matroid intersection

mixed pencil = const penc 4 generic penc

degree det — valuated matroid intersection
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Mixed Matrix Pencil

Kazuo Murota
1 1 1 (D) ¢= Rz L %V@ Matrices and
1 —1 0 Matroids for
0 1 -1 Systems Analysis
—1 0 0 |sC O O
0 R O|0 —1 0 A=QA+Tsp  som
0 0 sL | 0O 0 -1 B=Qp+Tg

mixed matrix = const mtx 4+ generic mtx

rank — matroid intersection

mixed pencil = const penc + generic penc

degree det — valuated matroid intersection
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Matroid-theoretic Bounds for sA + B

A=Qa+T4 (NnO genericity in T4, Tg)
B=Qp+Tg = formal mixed matrix pencil

sA+B=(sQp+Qp)+ (sTy +Tp)
5,?“ — valuated matroid intersection

— weighted — (RLC circuit)

Qa
één = rank( QB gg O

Qp Qa4

— matroid intersection

T

Tg T
TS T/
Ty

Ty
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Result (matroid-theoretic bounds)

o, < O
7 T
O, < O

0;. = rank

B A
B

A 0 = max degree of
k X kK minor

A

B

A .

Equivalence of tightness:
For a formal mixed matrix sA + B

O, = O™ (Vk) < 6 =0 (Vk)
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Discrete Legendre Transform
— Discrete Convexity
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Fundamental

Relations (linear algebra)

pencil

Kronecker form

sA+ B

U(sA+ B)V

nilpotency pq > -+ > py
a N

5, = k — d

>
1=r—k-+1

d .
I 0 = kr — iil min(k, u;)

v

QN

degree: subdet

rank: expanded mtx

51,089,083, . ..

01,069,063, ...

23



Fundamental

Relations (linear algebra)

pencil

Kronecker form

sA+ B

U(sA+ B)V

nilpotency pq > -+ > py
/ N

5, = k — d

>
1=r—k-+1

d .
I 0 = kr — iil min(k, u;)

v

QN

degree: subdet

rank: expanded mtx

51,089,083, . ..
concave —

61,05,03,...
Legendre — convex
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Discrete Legendre Transformation

Convex seq. fr_—1+ fr+1 = 2 fr (int-valued)
Concave seq. gg_1+ 9k+1 < 2gk (int-valued)

Tk gk

Thm: gy =inf(fy —kl) < fr = Sl;P(gl + ki)
conjugate
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Conjugacy in Matrix Pencils

degree §;: concave rank 6,: convex

0|
20

15
10
5]

—_ N A

00 1 2345 6 7k 00 1 2 3 4k

Fact (0-60 conjugacy)
O = min(0; 1 — kl), Oy = max(d; + ki)

Proof d0p «— p; <— 0, (explicit formulas)
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Graph-theoretic Bounds for sA + B

5k = max-weight k-matching Folkiore, M.(1995)

< weight: A -1 B —0

ékg — Mmax-size matching Iwata-Shimizu (2007)
A—B—-A—B—-—A—...—B—-—A (kxA'S)
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Thm 1: conjugacy of comb. bounds
|

5 |

4 20

3 15 .

2 O 10 Yk

1 5 O

0 1 2 3 456 7Tk 0 1 2 3 46k

0, = mlm(él+1 —kl), O 4= mlax(Sl + k)
Ojes Ok

~ A
9k+19 6’lc—|—1

combinatorial |d; < conj — 6,
VI VI

linear algebraic 0, < conj — 0,
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Thm 2: equivalence of tightness

|

5 |

4 20

3 15 .

2 O 10 Yk

1 5 O

0 1 2 3 456 7Tk 0 1 2 3 46k

5’6 — Sk (Vk) <— Hk — ék (Vk)

0% » O

O Oy,

combinatorial |4, <« conj — 6,
VI VI

linear algebraic 9d; < conj — 0,
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Results (summary)

0, = max degree of
k

5 < 5 X k minor
E = k _
Legendre| ) g 4
0y < ék 0;, = rank B ...
B A

Equivalence of tightness:
For sA+ B (without genericity)

¢ 0, =07 (Vk) <« 60, =07 (Vk)
o Op, = 0" (Vk) <= 0 =0 (Vk)

Abstraction of { (conj) to matroid pencil
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Abstraction to Matroid Pencil
— Valuated Bimatroid
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Linking System / Bimatroid

(S, T; A) Schrijver (1979), Kung (1978)
(L) (X, Y)eA,zeX =>TJyeY: (X—a,Y —y) € A;
(L2) (X, Y)eA,yeY = dxze X: (X—a,Y—y) € A;
(L3) (X;,Y;,) e A(1=1,2) =3I XCS,YCT:

(X, Y)e A, X1 CXCXjUXy, Y2CY C Y7UYs.

Ex: A= {(X,Y) | nonsingular minors}

Y

X.
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Linking System / Bimatroid

(S, T; A) Schrijver (1979), Kung (1978)

(L1) (X,Y)€e A, z€X =>TyecY: (X—z,Y—y) € A;

(L2) (X, Y)eA,yeY =dxe X: (X—a,Y—y) € A;

(L3) (X;,Y;) €A (i=1,2)=3XCS,YCT:
(X,Y)€EeA X1 CXCX1UXs Y2CY CYiUYs.

matrix sum A+ B <+— bimatroid union A v B
Y

.,

A B AVB (union)
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Matroid Pencil
(A, B): pair of bimatroids
A—B—-A—-—B—-A (kXxA’'s)

i

0;. = max-size matching (linked pair)

Thm Iwata (2007)
(1) 6p: convex
(2) 0 = max{k|X|+ (k — 1)|X|

| A> (X,Y) L (X,Y) € B}
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VValuated Bimatroid
Y

A(s)
(S,T; A) bimatroid _
f:A— R valuated bimatroid Murota (1995)
e For any =’ € X'\ X, (a) or (b) holds:

(d) 3y eY'\Y:

FXY)+A(XLY) < fF(X 42, Y+y)+ (X' —2', Y —y)
(b) Iz e X\ X"

FOXLY) 4+ F(XLY) < f(X —a+a,Y) + (X' —a/ +2,Y")
e Symmetrically: Forany y e Y \Y’ ...

equivalent to valuated matroid
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Valuated Bimatroids for Matroid Pencils

(A, B): bimatroids
f(X,Y) = max-size of A-part Bin (X,Y)e AV B
g(X,Y) = max-size of B-part Bin (X, Y)e€ AV B

Thm f,¢9: valuated bimatroids

Y

o L
(f,g): valuated bimatroids

s.t. f(X,Y) <|X|, ¢(X,Y)<|X]

A ={(X,Y) | F(X,Y) = | X[}, Bg={9(X,Y) = |X]|}

Thm (A,B) — (f,9) — (AfaBg) = (4, B)
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Conjugacy in Matroid Pencils

Y

(A, B): matroid pencil
f(X,Y) = max-size of Bin (X, Y)c AV B .-

AV B
Def:

o = max{f(X,Y)| |X|[=k, (X,Y)€ AV B}

Thm (-0 conjugacy)
(1) 0p: concave cf. 0;: convex
(2) 0 = mlin(HH_l — kl), 011 = mlax(él + kl)
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Concluding Remarks

e Extension to polynomial matrices
e SMith-McMillan form at infinity

(Moriyama-Murota)
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