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Motivating question

What is the probability that
the solution of a random semidefinite program
has rank r?
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We will work over
» the real numbers R,
» the complex numbers C,

» the quaternion numbers H.
B € {1,2,4} indicates the ground (skew-)field

R iff=1,
Fs:={C ifB=2,
H if =4
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L Notation

The “stage” of semidefinite programming:
Herg, :={X e F3*" | XT = X} .

Some properties:
» R-linear subspace of IFZX” of dim. dg , :=n+ 3(3).

» Euclidean vector space, scalar product:

n

XeY = Z (Xij, Yij )R-
=1

» Normal distribution on Herg ,:
Gaussian Orthogonal/Unitary/Symplectic Ensemble
(GOE/GUE/GSE), short: GSE.
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LLP vs. SDP

LP

Input: z,a; € RY, b; € R,
(i=1,...,m)
Problem: [ max z-x

st. aj-x=b;
x>0
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L LP vs. SDP

LP

Input: z,a; € Rd,
(i=1,...,

Problem: max
s.t.

b,'GR,
m)
Z X

a;-x=b,~
x>0

SDP
Input: Z,A; € Herg p,, bi € R,
(i=1,...,m)
Problem: [ max Ze X
st. AjeX =b
X>0

(XiO@VvGIFg:vTszo)
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LLp vs. SDP

LP

Input: z,a; € RY, b; € R,
(i=1,...,m)

Problem: [ max z-x
st. aj-x=b;

x>0

Definition

SDP
Input: Z,A; € Herg p,, bi € R,
(i=1,...,m)
Problem: [ max Ze X
st. AjeX =b
X>=0

(XiO@VvGIFg:VTXVEO)

“random LP" := (aj,z € N(0,14), bj € N(0,1), all independent)

“random SDP" := (A,-, Z € GBE, b € N(0,1), all independent)
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LLp vs. SDP

LP/SDP can be
1. infeasible, i.e., no x or X satisfies all the constraints,

2. unbounded, i.e., the value of z- x or Z ¢ X is unbounded on
the feasible set,

3. feasible and bounded. In this case:

Almost surely, the solution of a random LP/SDP is unique.

Remark
The unique solution of a random

LP has exactly m nonzero components.
SDP satisfies dg, < m < dg , + Sr(n—r),
where r =(rank of the solution).
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LP

Linear programming is connected with the binomial distribution:

m—1 (n
Prob[LP is infeasible] = Z % ,
j=0

Prob[LP is unbounded] = Z L} ’
Jj=m+1

Prob[LP is feas. & bounded] = (2Ln) .

(— Sporyshev, Todd, Cheung/Cucker)
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LP

Linear programming is connected with the binomial distribution:
(d =15,m=6)

__________

Prob[LP feas. & bounded] —1,
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L-On the solution of a random LP/SDP

SDP

Semidefinite programming is connected with a different
distribution: (5 =4,n=3,m=6)

,,,,,,,,,,

Prob[SDP infeasible] | | Prob[SDP unbounded]

Prob[rk(sol(SDP)) = 2] — —
Prob[rk(sol(SDP)) = 1] 2]
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Reminder: intrinsic volumes

Let
» C C RY a polyhedral cone,
» MN¢c: RY — C projection map onto C,
» F :={relint(F) | F a face of C}, so that C = U F.

FeF
» Fj:={relint(F) | F a face of C, dim F = j}, so that

c= U UF.

j=0,....d FETF;
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LCurvature measures

Reminder: intrinsic volumes

Let
» C C RY a polyhedral cone,
» MN¢c: RY — C projection map onto C,
» F :={relint(F) | F a face of C}, so that C = U F.

FeF
» Fj:={relint(F) | F a face of C, dim F = j}, so that

c= U UF.
j=0.,....d FEF;

Then
Vi(C)=>_ Prob [Me(x)€ F].

]
Fer, x€N(0,14)
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Curvature measures
Idea: localize the notion of intrinsic volumes

Let
» %(RY) the Borel o-algebra on R,
» the conic o-algebra on RY:

BRI = {M e BRY)|YA>0: M= M} .

Note that Z(R9) = %o(R?) U By(RY), where
Bo(RY) :={M e BRI |0e M},
By(RY) := {M e BRY) | 0¢& M} .

Note also A A
Bo(RY) = By(RY) = 5(5971) .
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Remark
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LCurvature measures

Definition
The jth curvature measure of a polyhedral cone C C RY is

®;(C,.): BRI > R,

®;(C, M) = Prob [Mc(x) € FM] .
FE]'-J' XGN(O,Id)

Remark
®;(C, €) = V;(Q).
» C=MU...U M, = VJ(C) = (DJ'(C, Ml)-l-.. .+¢J’(C, Mk).

v

» &4(C, M) =rvol(CNMnNSIT)
 og(Cy— { VOLC) FOEMm
0 if 0 ¢ M.
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LCurvature measures

Remark

1. ®; can be extended to nonpolyhedral cones,

2. the curvature measures appear in a tube formula similar to the
one defining the intrinsic volumes.
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LCurvature measures

Recall SDP
max ZeX
st. AjeX=b;,i=1,....m
X>=0

Theorem (A, Biirgisser)
Let C ={X €Herg, | X =0}, M, ={X € C|rk(X)=r}.
Then

the solution of a

Prob random SDP has rank r

= &,(C,M,).
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LCurvature measures

Recall SDP
max ZeX
st. AjeX=b;,i=1,....m
X>=0

Theorem (A, Biirgisser)
Let C ={X €Herg, | X =0}, M, ={X € C|rk(X)=r}.
Then

the solution of a
Prob random SDP has rank r| ®m(C, M) .

main ingredient of the proof: kinematic formula
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LCurvature measures

Kinematic formula

» C C RY a closed convex cone,
» M e #(R?) such that M C C,
» W C R? a uniformly random subspace of codimension m,

» [l the orthogonal projection on W.
Then for the random projection My, (C)
E[®;(Mw(C),Nw(M))] = ®;(C, M), forj=0,1,....,d—m—1,
E[Va-m(Mw(C))] = Va-m(C) + Va—m1(C) + ... + Va(C),
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LCurvature measures

Kinematic formula

» C C RY a closed convex cone,
» M e B(R?) such that M C C,
» W C R? a uniformly random subspace of codimension m,

» [l the orthogonal projection on W.

Then for the random projection My, (C)

E[®;(Mw(C),Nw(M))] = ®;(C, M), forj=0,1,....,d—m—1,
E[Va-m(Mw(€))] = Vam(C) + Viemea(€) ...+ Va(C).

and for the random intersection C N W

E[®;(CNW,MNW)| =y (C, M), forj=12,...,d—m,
E[Vo(CNW)] = Vo(C) + VA(C) + ...+ Vin(C) .
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L Formulas for the curvature measures

For z € R" we denote the Vandermonde determinant by

A(z) = H (zi —

1<i<j<n

Mehta’s integral

1 lz? (1+,8/2)
(2m)? / AN Hr(1+5/2

=: M,z

)
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Fix 0 <r<n, write z=(z1,...,2,2r41,. -, 2n)-
~—_—— ——
=:x =y

Az = ] (@-2)

1<i<j<n
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L Formulas for the curvature measures

Fix 0 <r<n, write z=(z1,...,2,2r41,. -, 2n)-
~—_—— ——

I
x

A2’ = JI @-z)

1<i<j<n

“ [ @z I @2 11E-2°

1<i<j<r r+1<i<j<n i=1j=1
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Fix 0 <r<n, write z=(z1,...,2,2r41,. -, 2n)-
=:x =y
A(z)? H (zi — z)°
1<i<j<n
r n—r
- I @ I G2 [le-2
1<i<j<r r1<i<j<n i=1j=1
r n—r
=097 80) T TT0v -

i=1j=1
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L Formulas for the curvature measures

Fix 0 <r<n, write z=(z1,...,2,2r41,. -, 2n)-
~—_—— ——

=:x =y
A(z)? H (zi — z)°
1<i<j<n
ron—r
= Il &G-2" Il @-2111l=-2)
1<i<j<r r+1§i<j§n i=1j=1
r on—r
= A(x)? y)? HH
i=1j=1
Br(n—r)

=A(x)? A Z fo.k(x; =)

x-homog. part of []-_, 17— (xi +
where fﬁ,k(X;}’):< B part © dgégel G +)"),
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Recall

1 llz]12
- - - . B
M, s = ) / e 2 -|A(z2)|” dz,

zeRn
Br(n—r)
Z Ax)7 - A(y)’ - fau(xi—y) -
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Recall
My = ——. /e_|z22-\A(z)]ﬂ dz
" 2m)nl? ’
zeR"
Br(n—r)
Z A7 AW) - faulxi—y) -
Definition

For0 < k < Br(n—r)

1 _ llzl1?
Jolnr k)= oy / e = A AW Fiklxiy) dz
ZERi

where z = (x,y), x e R", y e R"™".
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Recall
Myp = — -/e_lzzz-\A(z)]ﬁ dz
m T (22 ’
zeRn
Br(n—r)
Z A() - A(y)? - 3 4(xi —y) -
Definition

For0 < k < Br(n—r)

1 _ llzl1?
Jolnr k)= oy / e = A AW Fiklxiy) dz
ZERi

where z = (x,y), x e R", y e R"™".

[Ja(n,r k) :==0,if k <0or k> pr(n—r).]
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Theorem (A, Biirgisser)
Let C = {X € Hergn | X = 0}, M, = {X € C | rk(X) = r}.
Then

n\ Jsg(n,r,m—dgs,)
q)’"(C’M'):(r)' B iy Br)

where dg, = dimHerg , = r + 3(3).
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Writing the integral as an expectation: Let

1 ifA>=0,
1+(A) = {

0 else.

Then

On(CM) = Conr B [L(A) Li(B) - Fusl4 B).
BeGBE(n—r)

n) . Mr,,@'Mn—r,,B )

with k =m —dg, and cg p, := (r M, 5
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Remark
We have

Sn(C, M) >0 <= dg, <m<dg,+pr(n—r). ()
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Remark
We have

S,(C, M) >0 <= dg, <m<dg,+pr(n—r).

These are known as Pataki’s inequalities:

If r denotes the rank of the solution of a random SDP,
then almost surely the inequalities () are satisfied.
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SDP (revisit)

Semidefinite programming is connected with a different
distribution: (8 =4,n=3,m=6)

,,,,,,,,,,

Prob[SDP infeasible] | | Prob[SDP unbounded]

Prob[rk(sol(SDP)) = 2] — —
Prob[rk(sol(SDP)) = 1] 2]
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L Formulas for the curvature measures

SDP (revisit)

Semidefinite programming is connected with a different

distribution:
m—1
Prob[SDP is infeasible] = Vi(Cs.n) »
j=0
Prob[SDP is unbounded] = Vi(Cs.n) »
Jj=m+1

Prob[rk(sol(SDP)) = r] = &(C, M,) .
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Vo Vi 23 V3 Vs Vs Vs %% Vs
Cs1 i i 0 0 0 0 0 0 0
12 3 31 V2
Co| 3-0R | # |¥|3-% 0 0 0 0 0
11 1 1 1 11
Co2 || 7 3= i P I I 2 0 0 0 0
12 1 2 1 2 1 1 2
Cap || 3 -3 8 3 3 3 8 i~ 3 0 0
c 1_v2 | V2 _ 1 | V2| {_ 2 V2 V2 1| 1_ V2 o 0
13 47 2¢ 4 4 27 2 27 4 4 4 27
1 3 3 1 1 1 34,113, 1 1 1
Coz|| 5= &r | 16 27 | 4r P 6 1t8 |16 ar pr p
C 1 4 |1 _ 8 |1 | 4 1 _19 3 _13 4 7 | 11 4 1
43|38~ 1207 | 64  To7 | %0r | 57 — 16 | 1207 32 T20r T &4 | 307 T 16
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£ =1, intrinsic volumes

06 04 03
05
03
04 02
03 0,2
02 0,1
0.1
0,1
0 0 0
-1 0 -1 1 2 -1 0 1 2 3 4 5
(@)n=1 (b)y n=2 (c)n=3
025 0,20 0,16
0,14
0,20
0,15 0,12
ols 0,10
0,10 0.08
0,10 0,06
005 0.0
0,05
0,02

0 0 0
.10 1 23 456 7 89 -101234567891011121314 012345678910 12 14 16 18 20

(d)n=24 (e)n=5 fyn=6
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B =1, log(intrinsic volumes)

0 0 0
02
-05 o
-04
o 5
-06
15
-0,8 -3
-1 -2
-1 o A 0 1 2 -1 0 1 2 3 4 s
(g) n=1 (h)yn=2 (i(yn=3
0 0 0
o -2
-2
2 -4
-3 4 -6
” 6 -8
s -10
-8
-6 -12
101 23456789 -101234567891011121314 012345678910 12 14 16 18 20

(i) n=4 (k) n=5

hn=6
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Final remarks

(Very) Soon: Preprint paper on the arXiv.

Open questions:

1. Can we “solve” the J-integrals?

2. Asymptotics for the intrinsic volumes?
(known for Vo(Cp.n) = V4, ,(Cs.n) = AleroBbE[A = 0],
Dean/Majumdar, 2006)

3. Applications in physics?

4. Connections with the “algebraic degree” of SDP?
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Thank you!
&
Happy Birthday Mike!
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