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1. INTRODUCTION

These notes are based on a series of lectures given during the Fields Institute workshop
on exceptional algebras and groups at the University of Ottawa, April 19—22, 2012. The
principal aim of these lectures was to provide a rather complete account of what is
presently known about Albert algebras and their cubic companions. My hope is that I
succeeded in preparing the ground for an adequate understanding of the connection with
exceptional groups, particularly those of type Fy, that could (and actually did) arise in
other lectures of the conference.

Still, due to severe time constraints, choices had to made and many important topics,
like, e.g., twisted compositions ([Spr63], [SV00], [Pet07]), had to be excluded; for the same
reason, proofs had to be mostly omitted. On the other hand, a substantial amount of the
material could be presented not just over fields but, in fact, over arbitrary commutative
rings. In particular, this holds true for our approach to the two Tits constructions of
cubic Jordan algebras that yields new insights even when the base ring is a field.

Though in writing up these notes I have tried my best to keep track of the historical
development, I will surely have overlooked quite a few important contributions to the
subject that should have been quoted at the proper place. I apologize in advance for all
these omissions. My special thanks go to the participants of the workshop, who through
their lucid and lively comments during the lectures and after contributed greatly to the
clarification of many important issues associated with Albert algebras.

Date: May 27, 2012.
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2. NOTATION AND REMINDERS

Throughout these lectures, we let k be an arbitrary commutative ring. A (non-
associative) k-algebra A, i.e., a k-module together with a k-bilinear multiplication, sub-
ject to no further restrictions, is said to be unital if it contains a unit element, which will
then be denoted by 1 = 14. By a wunital subalgebra we mean a subalgebra of a unital
algebra containing its unit.

We denote by k-alg the category of unital commutative associative k-algebras, mor-
phisms being k-algebra homomorphisms taking 1 into 1. Given a k-module M and
R € k-alg, we write Mg := M ® R for the base change (or scalar extension) of M from
k to R. It is an R-module in a natural way, and the assignment « — zr := ¢ ® 1 gives
a k-linear map from M to Mp which in general is neither in injective nor surjective.

2.1. Quadratic maps. Let M, N be k-modules. A map Q: M — N is said to quadratic
if @ is homogeneous of degree 2, so Q(ax) = a?Q(x), and the induced map

0Q: M x M — N, (x,y) — Q(z,y) = Qz +y) — Q(z) — Q(y),

is (symmetric) k-bilinear, called the bilinearization or polarization of Q). Note that
Q(z,z) = 2Q(z). Given any R € k-alg, a quadratic map Q: M — N has a unique
extension to a quadratic map Qr: Mgr — Ng over R. In the special case N := k, we
speak of a quadratic form (over k).

2.2. Projective modules. Recall that a k-module M is projective if it is a direct sum-
mand of a free k-module. The following fact will be particularly useful in the present
context. Writing Spec(k) for the set of prime ideals in k, k, for the localization of k
at p € Spec(k) and M, := M, for the corresponding base change of M, the following
conditions are equivalent (cf. e.g., [Bou72]).

(i) M is finitely generated projective.
(ii) For all p € Spec(k), the ky,-module M, is free of finite rank.

If in this case, the rank of the free ky,-module M, does not depend on p € Spec(k), then
we say M has a rank and call this number the rank of M.

2.3. Regularity conditions on quadratic forms. Let g: M — k be a quadratic form.
Then dq is a symmetric bilinear form on M, inducing canonically a linear map

M — M* := Homy (M, k), z— q(z,—),

whose kernel,
Rad(9q) :={x € M |Vye M : q(x,y) =0},
is called the bilinear radical of q.

If k is a field, it is customary to call ¢ non-degenerate if, for x € M, the relations
q(z) = q(x,y) =0 for all y € M imply = 0. Note that, for char(k) # 2, non-degeneracy
of q is equivalent to dq being non-degenerate in the usual sense.

Now return to the case that k is an arbitrary commutative ring. Following [Lo096,
3.2], our quadratic form g is said to be separable if M is finitely generated projective as a
k-module, and for all fields F' € k-alg, the extended quadratic form gp: Mp — F over F
is non-degenerate in the sense just defined. By contrast, ¢ will be called non-singular if
M is again finitely generated projective as a k-module and the homomorphism M — M*
induced by Jq is in fact an isomorphism.

Both of these concepts are invariant under base change: if ¢ is separable (resp. non-
singular), so is gg, for any R € k-alg.

3. OCTONIONS

Octonions are an indispensable tool for the study of Albert algebras. As it turns out,
it doesn’t make much sense to study them in an isolated sort of way but, rather, to regard
them as members of a wider class of algebras called composition algebras.
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The following definition has been suggested by Loos. Over fields, it is partially in line
with the one in [KMRT98, 33.B], the important difference being that we insist on a unit
element, while loc. cit. does not.

3.1. Composition algebras. By a composition algebra over k we mean a unital non-
associative k-algebra C' satisfying the following conditions.

(a) C is finitely generated projective of rank r > 0 as a k-module.
(b) There exists a separable quadratic form nc: C — k that permits composition:
ne(xy) = ne(x)ne(y) for all z,y € C.

The quadratic form n¢ in (b) is uniquely determined and is called the norm of C.
Moreover, we call tc := nc(le, —) the trace and

wo: C—C, z+—T:=tc(x)lc —z,

the conjugation of C; it is easily seen to be a linear map of period 2.
The simplest example of a composition algebra is the base ring k itself, with norm,
trace, conjugation respectively given by ny(a) = o2, t;(a) = 2a, @ = a.

3.2. Properties of composition algebras. Let C' be a composition algebra over k.
The following properties may be found in [Looll], [McC85], [Pet93].

(a) Composition algebras are stable under base change: Cr is a composition algebra
over R for all R € k-alg.

(b) C has rank 1,2,4 or 8.

(¢) C is alternative, i.e., the associator [z,y, z] := (zy)z —x(yz) is alternating in the
variables z,y, z, equivalently, all subalgebras on two generators are associative.

(d) nc is non-singular unless the rank of C'is 1 and § ¢ k.

(e) The conjugation of C is an (algebra) involution, so we have

T=2x, TYy=TyZI.

(f) C satisfies the quadratic equations
2? —to(x)z +neo(x)le =0,
equivalently, the conjugation of C' is a scalar involution:
2T =ne(x)le, z+T=tc(z)lc.

(g) = € C is invertible in the alternative algebra C (same definition as in associative
algebras) iff nc(z) € k is invertible in k; in this case

7t =ne(x) 'z
We now turn to examples of composition algebras.
3.3. Quadratic étale algebras. By a quadratic étale algebra over k we mean a com-

position algebra of rank 2. Quadratic étale algebras are commutative associative. If F
is a quadratic étale k-algebra, then its norm and trace are given by

ng(x) =det(Ly), tp(z):=tr(L:),

where L,: R — R stands for the left multiplication by x € E. The most elementary
example is F := k @ k (direct sum of ideals), the split quadratic étale k-algebra, with
norm, trace, conjugation given by

np(a®pf)=af, tpla®f)=a+pf, adf=F0a
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3.4. Quaternion algebras. By a quaternion algebra over k we mean a composition
algebra of rank 4. Quaternion algebras are associative but not commutative. If E is
a quadratic étale k-algebra with conjugation a — @ and p € k is a unit, then [E, u),
the free k-algebra generated by E and an additional element j subject to the relations
j2 = plg, ja=aj (a € F), is a quaternion algebra over k. Conversely, every quaternion
algebra over k may be written in this way provided k is a semi-local ring, e.g., a field.
The most elementary example is provided by the algebra Mats (k) of 2 x 2- matrices over
k, called the algebra of split quaternions, whose norm, trace and conjugation are given
by the ordinary determinant, the ordinary trace and the symplectic involution

O B R Gy

3.5. Octonion algebras. By an octonion algebra over k we mean an composition al-
gebra of rank 8. Octonion algebras are alternative but no longer associative. The con-
struction of octonion algebras is not quite as straightforward as in the two previous
cases.

of 2 x 2-matrices.

3.6. The hermitian vector product. Let E be a quadratic étale k-algebra and (M, h)
a ternary hermitian space over E, so M is a finitely generated projective right E-module
of rank 3, h: M x M — FE is a hermitian form (anti-linear in the first, linear in the
second variable), and the assignment x — h(z, —) determines an F-module isomorphism
from M to the M*, the tg-twisted E-dual of M. Suppose further we are given a volume
element of (M, h), i.e., an isomorphism
3
A: \(M,h) =5 (E, (a,b) ~— ab)

of unary hermitian spaces, which may not exist but if it does is unique up to a factor of
norm 1 in E. Then the equation

h(x xpay,z) =AMz AyAz)
defines a bi-additive alternating map (z,y) — « Xpa y from M x M to M that is
anti-linear in each variable and is called the hermitian vector product induced by (M, h).
3.7. Theorem. ([Tha95]) With the notations and assumptions of 3.6, the k-module
E ® M becomes an octonion algebra
(1) C :=Zor(E, M, h,A)
over k under the multiplication

(a®z)(b®y) = (ab—h(z,y)) & (ya+xb+z XpaY)
whose unit element, norm, trace, conjugation are given by
le=1g®0,
no(a ® x) = ng(a) + h(z, z),
te(a® z) = tp(a),
adx=ad(—x).

Conversely, every octonion algebra over k containing E as a composition subalgebra arises
in this manner. O

Remark. The significance of this result derives from the fact that, if £ is a semi-local
ring or 2 € Jac(k), the Jacobson radical of k (e.g., if 2 =0 in k), then every composition
algebra of rank > 1 is easily seen to contain a quadratic étale subalgebra, while in general
this need not be so ([KPS94], [Cox46], [CS03)).
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3.8. Zorn vector matrices. Applying Theorem 3.7 to the special case that £ :=k® k
is the split quadratic étale k-algebra, M := E? is free of rank 3 and the hermitian form h
is given by h(z,y) := T'y, the octonion k-algebra C of (3.7.1) identifies canonically with

the k-module X
k k
Zor(k) := (k3 k)
endowed with the multiplication

a u\ (B V) _ aff +u'ty ov' + B'u' +uxv
u o) \v B) T \Butdv—u x ulv' + a8 :

We speak of the split octonions of Zorn vector matrices over k in this context. Unit
element and norm, trace, conjugation of

T = (“ “/) € C = Zor(k)

u «

are given by
’ rt / o -
le =1a, ne(z) =det(z) = ad —u"u, to(z)=tr(z)=a+d, z= .

In particular, the norm of Zor(k) is hyperbolic.

3.9. Theorem. ([LPRO8]) For C to be an octonion algebra over k it is necessary and
sufficient that C' be a k-algebra and there exist a faithfully flat étale k-algebra R such
that Cr = Zor(R) is a split octonion algebra over R. O

3.10. Reminder. Recall that a k-module M is said to be flat if the functor — ® M
preserves exact sequences; it is said to be faithfully flat provided a sequence of k-modules
is exact if and only if it becomes so after applying the functor — ® M.

A k-algebra E € k-alg is said to be finitely presented if there exist a positive integer
n and a short exact sequence

0—> T —>k[ty,...,tn] —>= E—>0,

of k-algebras, where t1,...,t, are independent variables and I C k[ty,...,t,] is a finitely
generated ideal. FE is said to be étale if it is finitely presented and satisfies the following
equivalent conditions [Gro67].
(i) For all k" € k-alg and all ideals I C k' satisfying I? = {0}, the natural map
Homk_alg(E, k/) — Homk_alg (E, k//I)
is bijective.
(ii) E is flat over k and, for all p € Spec(k), the extended algebra F ® x(p) over
k(p), the quotient field of k/p, is a (possibly infinite) direct product of finite
separable extension fields of k.

In particular, quadratic étale k-algebras (cf. 3.3) are étale in this sense, as are cubic étale
ones (cf. 9.9 below).

3.11. Octonion algebras over fields. If £k = F is a field, composition algebras in
general, and octonions in particular, behave in an especially nice way. For simplicity, we
restrict ourselves to the octonion algebra case.
(a) Octonions are simple algebras in the sense that they only contain the trivial ideals.
In fact, by a result of Kleinfeld [Kle53], octonion algebras over fields are the only (unital)
simple alternative rings that are not associative.
(b) Octonion algebras are classified by their norms, so if we are given two octonion
algebras C, C’ over F, then

C=2C <= ng =ne.
(c) As an application of (b), it follows easily that for any octonion algebra C over F', the
following conditions are equivalent.
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(i)

(ii) C has zero divisors, so some x # 0 # y in C have zy = 0.
(iii) The norm of C is isotropic.

(iv) The norm of C is hyperbolic.

C is split.

4. JORDAN ALGEBRAS

There are two kinds of Jordan algebras, linear ones and quadratic ones. Linear Jordan
algebras were invented by Jordan [Jor33] in order to understand the expression %(a?eryx)
built up from the multiplication zy of an associative algebra A. Due to the factor %,
it is not surprising that the theory of linear Jordan algebras works well only over base
fields of characteristic not 2 or, more generally, over commutative rings containing %
Quadratic Jordan algebras, on the other hand, were invented by McCrimmon [McC66]
in order to overcome this difficulty by formalizing the expressions xyx, again built up
from the multiplication of A. The theory of quadratic Jordan algebras works quite well
over arbitrary commutative rings, e.g., over the ring Z of rational integers.

The following account of the theory of Jordan algebras is very sketchy. For more
details, see [Jac81]

4.1. The concept of a Jordan algebra. By a (quadratic) Jordan algebra over k we
mean a k-module J together with a distinguished element 1; € J (the unit) and a
quadratic map U: J — Endg(J), z — U, (the U-operator) such that, setting

(1) {zyz} =V 2 = Uy = (Upyr, — Uy — Ur)y

(the Jordan triple product, obviously symmetric in the outer variables), the following
identities hold under all scalar extensions.

(2) Ui, =1y,
(3) Uv,y = U UyU, (fundamental formula)
(4) UsVyo = ViyUs.

A homomorphism of Jordan algebras is a linear map preserving units and U-operators,
hence also the Jordan triple product. Philosophically speaking, the U-operator serves
as the exact analogue of the left (or right) multiplication in associative (or alternative)
algebras. Specializing one of the variable in (1) to 1, the Jordan triple product collapses
to the Jordan circle product

(5) rvoy = {rlyy} = {lyzy} = {zyl,s}.

If 1 € k, then the (bilinear) Jordan product

1
(6) Ty = Szoy

2
makes J a linear Jordan algebra in the sense that it is commutative and satisfies the
Jordan identity

(7) z(2?y) = 2*(zy).

The U-operator may be recovered from the Jordan product by the formula U,y =
2z (zy) — 22y.

Thus over base rings containing %, linear and quadratic Jordan are basically the same
thing. But in general, quadratic Jordan algebras are quite well behaved while linear ones
are not.
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4.2. Ideals, quotients, simplicity. Let J be a Jordan algebra over k. A submodule
I C J is called an ideal if, in obvious notation,

In this case, the quotient module J/I carries the unique structure of a Jordan algebra
over k such that the natural map J — J/I is a homomorphism of Jordan algebras. A
Jordan algebra is called simple if its U-operator is non-zero and J contains only the
trivial ideals.

4.3. Examples of Jordan algebras. (a) Let A be a unital associative algebra over k.
Then the k-module A together with the unit element 1, and the U-operator defined by
U,y := zyz is a Jordan algebra over k, denoted by A*. The Jordan triple product in
AT is given by {zyz} = zyz + zyx, the Jordan circle product by z oy = zy + yz.

(b) Let (B, 7) be a unital associative k-algebra with involution, so B is a unital associative
algebra over k and 7: B — B is an involution, i.e., a k-linear map of period 2 and an
anti-automorphism of the algebra structure: 7(zy) = 7(y)7(x). Then 7: BT — Bt is
an automorphism of period 2, and the 7-hermitian elements of B, i.e.,

Her(B,7):={z € B | 7(x) =z}
is a (unital) subalgebra of BT, hence, in particular, a Jordan algebra, called the Jordan
algebra of T-hermitian elements of B .
(c) Let Q@ = (M, q,e) be a pointed quadratic form over k, so M is a k-module, ¢: M — k
is a quadratic form, and e € M is a distinguished element (the base point) satisfying
g(e) = 1. Defining the conjugation of Q by

tog: M — M, z+—T:=q(e,x)e—x,
the k-module M together with the unit e and the U-operator

Upy == q(z,9)z — q(2)y
becomes a Jordan algebra over k, denoted by J(Q) and said to be associated with Q.

Remark. The assertions of (a) (resp. (b)) remain valid if the associative algebra A (resp.
B) is replaced by an alternative one.

4.4. Special and exceptional Jordan algebras. A Jordan algebra is said to be special
if there exists a unital associative algebra A and an injective homomorphism J — AT of
Jordan algebras. Jordan algebras that are not special are called exceptional. The Jordan
algebras 4.3 (a),(b) are obviously special, while the ones in (c) are special if k is a field
but not in general [Jac81].

4.5. Powers and Invertibility. Let J be a Jordan algebra over k and x € J.

(a) Powers z" € J with integer coefficients n > 0 are defined inductively by 2° = 1,

2! =z, "2 = U,z™. One then obtains the expected formulas

Ugma™ = ™" Mg gP} = 2™ HP,

(b) An element z € J is said to be invertible if there exists an element y € J such that
U,y =y, Uyy? = 1. In this case, y is unique and called the inverse of x in J, written
as 1. The set of invertible elements of J will be denoted by J* It is easy to see that
the following conditions are equivalent.

(i) x is invertible.

(ii) Uy is bijective.

(iii) 1, € Im(U,).
In this case x=1 = U tx. Moreover, if z,y € J are invertible, so is U,y with inverse
(Us )71 = Um*1y71~
(¢) If A is a unital associative (or alternative) k-algebra, then invertibility and inverses
in A and AT are the same. Similarly, if (B, 7) is an associative (or alternative) algebra
with involution, then invertibility in the Jordan algebra Her(B, ) amounts to the same
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as invertibility in the ambient associative algebra B, and again the inverses are the same.

(d) J is said to be a Jordan division algebra if J # {0} and all its non-zero elements are
invertible. Hence if A (resp. B) are as in (c), then AT is a Jordan division algebra if and
only if A is a division algebra, (resp. if B is a division algebra, so is Her(B, 7)).

The group of left multiplications by invertible elements in a unital associative algebra for
trivial reasons acts transitively on its invertible elements. By contrast, the U-operators
belonging to invertible elements of a Jordan algebra J do not in general form a group,
and the group they generate will in general not be transitive on the invertible elements
of J. Fortunately, there is a substitute for this deficiency.

4.6. Isotopes. Let J be a Jordan algebra over k and p € J be an invertible element.
Then the k-module J together with the new unit 1;,) = p~! and the new U-operator
UJE”) := U,U, is a Jordan algebra over k, called the p-isotope of J and denoted by J®),
We clearly have J(14) = J, J®)* = % and (J®)(@ = JW9) for all ¢ € J*. Calling
a Jordan algebra J' isotopic to J if J' = J®) for some p € J*, we therefore obtain an
equivalence relation on the category of Jordan algebras over k.

4.7. Examples of isotopes. (a) Let A be a unital associative algebra over k and p €
ATX = A*. Then right multiplication by p~! in A gives an isomorphism

R, 1: AT = (AT

of Jordan algebras.
(b) In general, however, isotopy is not the same as isomorphism. For example, let (B, 7)
be a unital associative algebra with involution and p € Her(B,7)*. Then the formula
7(®)(z) := p~'7(z)p defines a new involution on B, and right multiplication by p~* in B
leads to an isomorphism

R,-:: Her(B, 7)) =5 Her(B, 7))
of Jordan algebras. Using this, it is easy to construct examples (e.g., with B a quaternion
algebra over a field) where Her(B, ) and Her(B, 7)) are not isomorphic.

The fact that isotopy of Jordan algebras does not break down to isomorphism gives
rise to an important class of algebraic groups.

4.8. The structure group. Let J be a Jordan algebra over k. Then for all n € GL(J),
the following conditions are equivalent.

(i) n is an isomorphism from J to J®), for some p € J*.
(i) There exists an element n* € GL(J) such that Uy, = nUyn* for all y € J.

The elements of GL(.J) satisfying one (hence both) of these conditions form a subgroup
of GL(J), called the structure group of J and denoted by Str(J). By (ii) and the funda-
mental formula (cf. 4.1), the elements U,, x € J*, generate a subgroup of Str(.JJ) which
we call the inner structure group of J and denote by Instr(J).

5. CUBIC NORM STRUCTURES

With the introduction of cubic norm structures, we perform the last step in paving
the way for the definition of Albert algebras. They require a small preparation of their
own.
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5.1. Polynomial laws. For the time being we are working over a field F. Given
finite-dimensional vector spaces V, W over F, with bases v1,...,vn, w1, ..., Wy, respec-
tively, any chain of polynomials py,...,p, € F[t1,...,t,] defines a family of set maps
fr: Vg — Wg, one for each R € k-alg, given by

n m
(1) frRQY S rivir) =Y pilre, - ra)win (1,0 € R),
i=1 i=1
It is clear that the family f := (fr)reck-alg determines the polynomials p; uniquely.

By abuse of language, we speak of f as a polynomial map from V to W, written as
f: V. — W. This notion is obviously independent of the bases chosen. Moreover, it is
readily checked that the set maps fr: Vg — Wg defined by (1) vary functorially (in the
obvious sense, cf. (2) below) with R € k-alg. This key property of polynomial maps is
the starting point of the theory of polynomial laws due to Roby [Rob63]; for an alternate
approach, see [Fau00].

Returning to our base ring k, we associate with any k-module M a (covariant) functor
M : k-alg — sets by setting M(R) = Mg as sets for R € k-alg and M(p) =1y Q ¢ :
Mp — Mg as set maps for morphisms ¢ : R — S in k-alg. We then define a polynomial
law f from M to N (over k) as a natural transformation f : M — N. This means that,
for all R € k-alg, we are given set maps fr : Mrp — Np varying functorially with R,
so whenever ¢ : R — S is a homomorphism of k-algebras, we obtain a commutative
diagram

MRLNR

(2) 1M®wi lle

MS’ ﬁNS.
fs

A polynomial law from M to N will be symbolized by f : M — N, in spite of the
fact that it is not a map from M to N in the usual sense. But it induces one, namely
fr : M — N, which, however, does not determine f uniquely. On the other hand, the
standard differential calculus for polynomial maps (cf., e.g., [BK66] or [Jac68]) carries
over to polynomial laws virtually without change.

Polynomial laws from M to k are said to be scalar. The totality of scalar polyno-
mial laws on M is a unital commutative associative k-algebra, denoted by Poly (M) and
isomorphic to the polynomial ring k[tq,...,t,] if M is a free k-module of rank n.

A polynomial law f: M — N is said to be homogeneous of degree d if fr(rz) =
rdfr(x) for all R € k-alg, r € R, + € My. Homogeneous) polynomial laws of degree
1 (resp. 2) identify canonically with linear (resp. quadratic) maps in the usual sense.
Scalar homogeneous polynomial laws are called forms. We speak of linear, quadratic,
cubic, quartic, ... forms instead of forms of degree d = 1,2,3,4,... .

5.2. The concept of a cubic norm structure. Combining the approach of [McC69]
with the terminology of [PR86b], we define a cubic norm structure over k as a k-module
X together with

(i) a distinguished element 1 = 1x € X (the base point), which we will assume
to be unimodular in the sense that A(1x) = 1 for some linear form A on X,
equivalently, the submodule k1x C X is free of rank 1 and a direct summand,

(ii) a quadratic map § =fx: X — X, x — z! (the adjoint),

(iii) a cubic form N = Nx: X — k (the norm),
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such that the following identities hold in all scalar extensions.

(1) N1 =1, 1" =1 (base point identities),
(2) ¥ = N(z)z (adjoint identity),

(3) (0,N)(z) = (DN)(z)y = T(2*, y) (gradient identity),

4) Ixz=T(z)l—=x (unit identity).

Here zxy = (z+y)*—2f —y* is the bilinearization of the adjoint, and T = Tx: XxX — k
is the bilinear trace, i.e., up to a sign the logarithmic Hessian of N at 1,

(5) T(y, z) = —(D*ogN)(1)(y, 2) = (9,N)(1)(8:N)(1) = (9,0-N)(1),
giving rise to the linear trace Tx (x) = T(x) = T(x,1). Defining
(6) S:=8x: X —k, x+ Sx):=T(z"),

we obtain a quadratic form, called the quadratic trace of X.
It is clear that cubic norm structures are stable under base change.

5.3. Theorem. ([McC69]) With the notations and assumptions of 5.2, the unit element
15 := 1x and the U-operator defined by

(1) Uy :=T(z,y)x — 2% xy
give the k-module X the structure of a Jordan algebra J = J(X) such that the relations

(2) 23 — T(x)x? + S(z)x — N(2)1; = 0 = 2* — T(2)2® + S(x)2? — N(z)a,
(3) ot =22 —T(z)x + S(x)l;

hold in all scalar extensions. Moreover, N is unital and permits Jordan composition,
(4) N(1;) =1, N(U,y) = N(z)*N(y)

in all scalar extensions. Finally, an arbitrary element x € X is invertible in J if and
only if N(z) € k is invertible in k, in which case

(5) 7t = N(z)"tab.
O

Remark. (a) The preceding construction is clearly compatible with arbitrary base change.
(b) One is tempted to to multiply the first equation of (2) by x in order to derive the
second. But this is allowed only in linear Jordan algebras, i.e., in the presence of % (in
which case the second equation is indeed a consequence of the first) but not in general.

5.4. Cubic Jordan algebras. By a cubic Jordan algebra over k we mean a Jordan
k-algebra J together with a cubic form Nj: J — k (the norm) such that there exists a
cubic norm structure X with J = J(X) and Ny = Nx. In this case, we call T; := Tx
the (bi-)linear trace and Sy := Sx the quadratic trace of J. Cubic Jordan algebras are
clearly invariant under base change. In the sequel, we rarely distinguish carefully between
a cubic norm structure and its associated cubic Jordan algebra.

A cubic Jordan algebra J over k is said to be non-singular if its bilinear trace
Ty: J x J — k as a symmetric bilinear form is non-singular in the sense that it in-
duces an isomorphism from the k-module J onto its dual in the usual way and J is
finitely generated projective as a k-module.



ALBERT ALGEBRAS 11

5.5. Examples. We will encounter many more examples later on. For the time being,
we settle with the following simple cases.

(a) Consider the k-module X := Mats(k), equipped with the identity matrix 13 as base
point, the usual adjoint as adjoint, and the determinant as norm. Then X is a cubic norm
structure satisfying J(X) = Matz (k). Thus Mats(k)™ together with the determinant is
a cubic Jordan algebra over k.

(b) Let @ = (M, g, e) be a pointed quadratic form over k. Then the k-module X := k&M
together with the base point 1 := 1; & e, the adjoint and the norm respectively given by

(a ®w) :=q(u) ® (o), Nx(a®u):=aq(u)

in all scalar extensions is a cubic norm structure over k which satisfies J(X) =k @ J(Q)
as a direct sum of ideals.

Cubic Jordan algebras are invariant under isotopy.

5.6. Theorem. ([McC69]) With the notations and assumptions of 5.2, let p € J(X)*.
Then the new

base point 1) := p~1,

adjoint 287 = N(p)Upflxﬁ,

norm N®)(z) := N(p)N(x)
make the k-module X into a new cubic norm structure, denoted by X®) and called the
p-isotope of X. Moreover, J(X®) = J(X)®) is the p-isotope of J(X). O

6. FIRST PROPERTIES OF ALBERT ALGEBRAS

We are finally in a position to define Albert algebras.

6.1. The concept of an Albert algebra. By an Albert algebra over k we mean a cubic
Jordan k-algebra J with norm N satisfying the following conditions.

(a) J is finitely generated projective of rank 27 as a k-module.
(b) J is locally absolutely simple, i.e., for all fields F' € k-alg, the extended cubic
Jordan algebra Jr over the field F' is simple.

Before stating a few elementary properties of Albert algebras, we require a small nota-
tional digression into polynomial laws.

6.2. Polynomials over the ring of scalar polynomial laws. Let J be a Jordan
k-algebra and t a variable. An element p(t) € Poly(.J)[t] has the form

d
p(t) = fit’ (fi € Polg(J), 0 < i < d).
=0

Given z € Jg, R € k-alg, we may thus form the “ordinary” polynomial

d

p(tiz) == S (f)r(@)t! € RIt),

=0
in which we may replace the variable t by x:

d

p(z;2) = > (fi)r(z)z" € Jg.

=0
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6.3. First properties of Albert algebras. (a) Albert algebras are generically algebraic
of degree 3 in the sense of [Loo06]: if J is an Albert algebra over k, then the polynomial

my(t) ;= t> — Tyt> + Syt — N; € Poly(J)[t]

is the unique monic polynomial of least degree satisfying m;(z;z) = (tmy)(z;2) = 0 for
all x € Jg, R € k-alg. In particular, the cubic norm structure belonging to J (cf. 5.4) is
uniquely determined by the Jordan algebra structure of J alone.

(b) Homomorphisms between Albert algebras are isomorphisms and automatically pre-
serve norms, adjoints and traces.

(c) Isotopes of Albert algebras are Albert algebras.

Before deriving further properties of Albert algebras, we give a few important exam-
ples.

6.4. Twisted hermitian matrices. Let C' be a composition algebra over k, with norm
nc, trace tc and conjugation tc, u — @. One can show that 1o € C is unimodular, so
we obtain a natural identification k& = klg C C that is compatible with base change.
Now suppose

I'= diag(71772a73) € GL3(k)
is an invertible diagonal matrix. Then the map

Mats(C) — Mats(C), z+— I 12T,

is an algebra involution. The elements of Mats(C') that remain fixed under this involution
(i.e., are I-hermitian) and have diagonal entries in k form a k-submodule of Mat3(C)
that is finitely generated projective of rank 3(rk(C') + 1) and will be denoted by

Her3(C,T).

In particular, we put
Her3(C’) = Her3(C', 13)
1

Note that for 5 € k, the condition of the diagonal entries being scalars is automatic.

Writing e;; for the ordinary matrix units, there is a natural set of generators for the
k-module Herz(C,T') furnished by the hermitian matriz units

uljl] := yuej + v;ue;

for v € C and j,l = 1,2,3 distinct. Indeed, a straightforward verification shows that
x € Mat3(C) belongs to Hers(C, T') if and only if it can be written in the form (necessarily
unique)

(1) x:Zaieii—&—Zui[ﬂ], (0 €k,u; €C,i=1,2,3)

where we systematically subscribe to the convention that summations like the ones on the
right of (1) extend over all cyclic permutations (ijl) of (123), i.e., over (123), (231), (312).

6.5. Theorem. ([McCG69]) With the notations and assumptions of 6.4, base point, ad-
joint and norm given respectively by the formulas

(1) 1= Z €ii
(2) ot = Z (oju — vjmne(us)) e + Z(%W — o) 5],
(3) N(z) = ajagaz — Z%‘”Yloéinc(ui) + 117273t c (w1 ugus),

convert the k-module Hers(C,T) into a cubic norm structure over k whose bilinear trace
has the form

(4) T(z,y) =Y i+ Y vyme(ui,v;)
fory=>"Giey + > v;[jl] € Hers(C,T), 5; € k, v; € C. O



ALBERT ALGEBRAS 13

6.6. Remark. (a) The cubic norm structure (or cubic Jordan algebra) constructed in
Theorem 6.5 will also be denoted by Hers(C,T").
(b) Multiplying T' with an invertible scalar, or its diagonal entries with invertible squares,

doesn’t change the isomorphism class of Hers(C,T'). More precisely, given 4,9; € k*,
1 <1 <3, and setting

I := diag(6771, 6572, 0373),

he assignments

D aiei+ > wilil] > aiei + Y (6us)|jll,
D e+ Y uilil] — Y i + Y (6;00u4)]j1]

give isomorphisms
Her3(C,T) — Her3(C,T'), Her3(C,TI") — Her3(C,T).

Using the first isomorphism, we see that we may always assume y; = 1, while combining
it with the second, we see that we may always assume det(T') = 1.

(¢) The Jordan algebra Her3(C,T) is an isotope of the Jordan algebra Hersz(C). More
precisely,

p = Z%’Gii € Hers(C,T)™,

and there is a natural isomorphism from the isotope Hers(C, ")) onto Herz(C).

(d) If C is an associative composition algebra, i.e., one of rank < 4, then Her3(C,T) is
a subalgebra of Mat3(C)™, so its U-operator has the form U,y = xyz in terms of the
ordinary matrix product. In particular, Hers(C,T") is a special Jordan algebra. The case
of an octonion algebra will be stated separately.

6.7. Corollary. Let C be an octonion algebra over k andT' € GL3(k) a diagonal matriz.
Then Hers(C,T") is an Albert algebra over k.

Proof. As a k-module, J := Herg(C,T") is finitely generated projective of rank 3(8+1) =
27. Moreover, J is a cubic Jordan algebra which is simple if & is a field ([McC70]). O

6.8. Reduced cubic Jordan algebras. A cubic Jordan algebra J over k is said to
be reduced if it isomorphic to Hers(C,I") for some composition k-algebra C' and some
diagonal matrix I' € GL3(k). Thus, reduced Albert algebras have this form with C' an
octonion algebra. We speak of split cubic Jordan algebras (resp. of split Albert algebras)
over k if they have the form Hers(C'), C a split composition algebra, (resp. Hers(Zor(k))).

6.9. Theorem. For J to be an Albert algebra over k it is necessary and sufficient that
J be a Jordan k-algebra and there exist a faithfully flat étale k-algebra R such that
Jr = Hers(Zor(R)) is a split Albert algebra over R.

Instead of a proof. The condition is clearly sufficient. To prove necessity, it will be
enough, by Theorem 3.9, to find a faithfully flat étale k-algebra R making Jr a reduced
Albert algebra over R. This can be accomplished by standard arguments, similar to the
ones employed in the proof of the aforementioned theorem.

Remark. It would be desirable to establish the existence of a faithfully flat étale k-algebra
R as above in a single step, without recourse to Theorem 3.9. Conceivably, this could be
accomplished by appealing to Neher’s theory of grids [Neh87].
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6.10. Corollary. (a) Albert algebras are non-singular cubic Jordan algebras. Moreover,
their quadratic traces are separable quadratic forms.

(b) Let w: J — J' be a linear bijection of Albert algebras that preserves norms and
units. Then ¢ is an isomorphism of the underlying cubic norm structures, hence of
Albert algebras as well.

(c) Albert algebras are exceptional Jordan algebras.

Proof. (a) By Theorem 6.9, it suffices to prove the first assertion for split Albert algebras,
where it follows immediately from (6.5.4). The assertion about the quadratic trace is
established similarly.

(b) Since ¢ preserves norms and units, it preserves traces as well. Setting N := Ny,
N’ := Ny, ditto for the traces, and applying the chain rule to N’ o ¢ = N, we obtain
(DN (¢(x))p(y) = (DN)(x)y, and the gradient identity yields

T'(p(x)f, 0y)) = T, y) = T' (o(a), o (y))-
Since T” is non-singular, we conclude that ¢ preserves adjoints, hence is an isomorphism
of the underlying cubic norm structures. But the U-operator is built up from adjoints
and traces, by (5.3.1). Hence ¢ preserves U-operators and therefore is an isomorphism
of Albert algebras.
(c) By Theorem 6.9 it suffices to prove this for the split Albert algebra. This in turn
follows from the fact that Glennie’s identity

(1) G9(X7Y7Z) = G(X7Y7Z)7G(Y7X5Z):Oa
G(X,Y,Z) = UxZ o UxyUsY? — UxUzUxyUy Z

holds in all special Jordan algebras but not in Herz(Zor(k)) [Jac81]. Thus Albert algebras
are not even homomorphic images of special Jordan algebras. For a more direct proof,
see [Alb34]. O

This is the appropriate place to remind the reader of one of the most fundamental
contributions of Zelmanov to the theory of Jordan algebras without finiteness conditions.

6.11. Theorem. ([MZ88]) A simple Jordan algebra is either special or an Albert algebra
over some field. 0

7. REDUCED CUBIC JORDAN ALGEBRAS OVER FIELDS

In this section, we will be concerned with a class of cubic Jordan algebras that are
particularly well understood. For example, we will see that reduced cubic Jordan algebras
over fields have a nice set of classifying invariants with natural interpretations in terms of
Galois cohomology. In most cases, the references given below were originally confined to
reduced Albert algebras only but, basically without change, allow an immediate extension
to arbitrary cubic Jordan algebras.

Throughout this section, we fix a field F' and two reduced cubic Jordan algebras J, J'
over F', written in the form J = Her3(C,T"), J = Her3(C’,I”) for some composition
F-algebras C,C’ and some diagonal matrices

I = diag(y1,72,73), I = diag(v1,75,75)

belonging to GL3(F). Our first result says that the elements of T' may be multiplied by
invertible norms of C' without changing the isomorphism class of J. More precisely, the
following statement holds.

7.1. Proposition. Given invertible elements as, a3 € C, we have
J 2 Her3(C,T';), Ty:=diag (nC(GQGg)il’Yl,nc(ag)’}Q, nc(ag)vg).
In particular, J = Her3(C) if C is split.

Instead of a proof. The proof of the first part rests on the fact that composition algebras
over fields are classified by their norms (3.11 (b)), hence does not carry over to arbitrary
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base rings. The second part follows from the fact that we may assume det(I') = 1
(6.6 (b)) and that the norm of a split composition algebra is hyperbolic (3.11 (c)), hence
universal. 0

7.2. Theorem. ([AJ57], [Fau70], [Jac71]) The following conditions are equivalent.
(i) J and J' are isotopic.
(ii) There exists a norm similarity from J to J', i.e., a linear bijection v: J — J'
satisfying Ny o p = aNy for some o € k™.
(iii) C and C' are isomorphic.

Instead of a proof. (iii) = (i) follows from 6.6 (c), (i) < (ii) from Cor. 6.10 (b). The
hard part is the implication (i) = (iii). O

7.3. The co-ordinate algebra. By Theorem 7.2, the composition algebra C' up to
isomorphism is uniquely determined by J. We call C' the co-ordinate algebra of J.

7.4. Nilpotent elements. As usual, an element of a Jordan algebra is said to be nilpo-
tent if and only if some power with positive integer exponent is equal to zero. For reasons
that will be explained in Remark 13.3 below, cubic Jordan algebras containing non-zero
nilpotent elements are said to be isotropic. There is a simple criterion to detect isotropy
in a cubic Jordan algebra over F'.

7.5. Theorem. ([AJ57]) J is isotropic if and only if
J = Hers(C,Twy), Tup = diag(l,—1,1).
O

Criteria for isomorphism between J and J’' are more delicate. Working in arbitrary
characteristic, the key idea, which goes back to Racine [Rac72], is to bring the quadratic
trace S = Sy, x > T;(z), into play.

7.6. Theorem. ([Rac72], [Spr60]) Two reduced cubic Jordan algebras over F are iso-
morphic if and only if they have isomorphic co-ordinate algebras and isometric quadratic
traces. g

7.7. Remark. (a) Rather than working with the quadratic trace, Springer [Spr60] con-
sidered the quadratic form that (up to a factor 2) is defined by Q(x) := T'(2?). The
polar form of Q is Q(x,y) = 2T(x,y), which shows that this approach does not succeed
in characteristic two.

(b) Applying the linear trace to (6.5.2), it follows that
(1) Sy=[-1]eha(-1).Qs, Qs:= (1273737172 ©@nc,

where [—1] stands the one-dimensional quadratic from —a? and h for the hyperbolic
plane. Hence S; determines @)y uniquely and conversely. In particular, @ s is an invariant
of J. On the other hand, (6.5.4) and (1) imply that the bilinear trace of J has the form

(2) TJ = <17171>@8QJ
Thus, if char(F) # 2, the bilinear trace and the quadratic trace of J are basically the

salme.

7.8. Theorem. ([Ser91], [KMRT98]) Two reduced cubic Jordan algebras over F' are iso-
morphic if and only if they have isometric quadratic traces.

Instead of a proof. Suppose Q; = Q. It is easy to see that @); is hyperbolic if and
only if C is split, forcing the 3-Pfister forms ng and nes to have the same splitting
fields. Hence they are isometric' [EKMOS, Corollary 23.6] (see also [HLO04, Theorem 4.2,
[Fer67]). O

11 am indebted to Skip Garibaldi for having pointed out this fact as well as the subsequent references
to me.
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7.9. Invariants of reduced cubic Jordan algebras. We now assume dimp(C) = 27,
r = 1,2,3, so the case C = k has been ruled out. Since composition algebras are
classified by their norms, it follows from Theorem 7.6 combined with Remark 7.7 that
reduced cubic Jordan algebras J = Hers(C,T') as above, where we may assume v, = 1
by Remark 6.6 (b), have the quadratic n-Pfister forms (n = r,r + 2)

(1) fr(J) =nc,  fri2(J) =nc ® Qs = ((—y2, —73)) @ nc

as classifying invariants. Here a quadratic form @ over F' is said to be n-Pfister if it can
be written in the form

2) Q= ((on,.. . om 1)) ®ng = ((01) @ (... (({an_1)) @ nE)...)

for some aq,...,ap_1 € F* and some quadratic étale F-algebra E, where ({a)) :=
(1, —ar) as binary symmetric bilinear forms. For basic properties of Pfister quadratic
forms in arbitrary characteristic, see [EKMO8].

In particular, assuming char(F') # 2 for simplicity, we deduce from [EKMO08, 16.2] (see
also [Pi00] for more details and for the history of the subject?) that n-Pfister quadratic
forms @ as in (2) have the cup product

(3) (al)u"'u(anfl)U[E] GH”(F, Z/2Z)

as a classifying (Galois) cohomological invariant, where (a) stands for the canonical
image of o € F* in H'(F,Z/2Z) and [E] € H'(F,Z/2Z) for the cohomology class of
the quadratic étale F-algebraE (see 12.6 below for more details). From this we conclude
that the classifying invariants of reduced cubic Jordan algebras may be identified with

(4) fr(J) € H(F,Z/2Z), f,42(J) € H "*(F,Z/2Z);

they are called the invariants mod 2 of J.

8. THE FIRST TITS CONSTRUCTION

The two Tits constructions provide us with a powerful tool to study Albert algebras
that are not reduced. In the present section and the next, we describe an approach to
these constructions that is inspired by the Cayley-Dickson construction of composition
algebras.

8.1. The internal Cayley-Dickson construction. Let C be a composition algebra
with norm ne over k. Suppose B C C'is a unital subalgebra and [ € C' is perpendicular
to B relative to dnc, so no(B,1) = {0}. Setting p := —nc(l), it is then easily checked
that the multiplication rule

(].) (U1 + Ull)(’LLQ + 'Ugl) = (Ul’LLQ + ,U/l_}g’l}l) + (Ugul + 1)117,2)1

holds for all u;,v; € B, i = 1,2. In particular, B + Bl is the subalgebra of C' generated
by B and .

8.2. The external Cayley-Dickson construction. Abstracting from the preceding
set-up, particularly from (8.1.1), we now consider an associative composition k-algebra
B with norm npg, trace tg, conjugation tg, and an arbitrary scalar p € k*. Then the
direct sum C' := B @ Bj of two copies of B as a k-module becomes a composition algebra
C := Cay (B, p) over k under the multiplication

(1) (’U,l —|—U1j)(U2 + ’Ugj) = (U1u2 +M’L72’01) + (U2u1 + Ulﬂg)j (U,Z‘,Ui € B,i= 1,2),

2I am indebted to Detlev Hoffmann for having drawn my attention to this article, but also for many
illuminating comments.
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with norm, polarized norm, trace, conjugation given by

(2) ne(u+vj) = np(u) — pnp(v),

(3) ne(ur + v1j,us + v2j) = np(ur, v1) — pnp(uz, ve),
(4) te(u+vj) = tp(u),

(5) u+vj = u—vj.

We say C arises from B, u by means of the Cayley-Dickson construction. The key to the
usefulness of this construction is provided by the

8.3. Embedding property of composition algebras. Suppose we are given

(a) a composition algebra C' over k (any commutative ring), with norm ne,
(b) a composition subalgebra B C C'
(¢c) an invertible element I € C perpendicular to B relative to Onc.

Then the inclusion B < C has a unique extension to a homomorphism
Cay(B,—nc(l)) =B®Bj — C
sending j to /, and this homomorphism is even an isomorphism if rk(B) = %rk(C).

We wish to extend the preceding approach to the level of cubic norm structures and
their associated Jordan algebras. In doing so, the role of associative composition algebras
used to initiate the Cayley-Dickson construction will be played, somewhat surprisingly,
by

8.4. Cubic alternative algebras. By a cubic alternative algebra over k we mean a
unital alternative k-algebra A together with a cubic form Ns: A — k satisfying the
following conditions.

(a) 14 € A is unimodular.
(b) N4 is unital and permits composition: the relations

N(1a) =1, N(zy) = N(z)N(y)
hold in all scalar extensions.
(c) Defining the (linear) trace T4: A — k and the quadratic trace Sa: A — k by
Ta(z) == (0:Na)(1a), Sa(z):=(01,Na)(z),
the relation
23— Ty(x)x? + Sa(x)r — Na(z)1a =0

holds in all scalar extensions.
Given a cubic alternative k-algebra A with norm N4, trace T4 and quadratic trace S4,
we define the adjoint of A as the quadratic map

fa: A— A, zr—af =2 — Tu(x)z + Sa(x)l,.

It then follows that the k-module X := A together with the base point 1x := 14, the
adjoint fx := f4 and the norm Nx := N4 is a cubic norm structure over k, denoted by
X = X (A), with linear trace T'x = T4, quadratic trace Sx := S4 and bilinear trace given
by Tx (x,y) = Ta(zy). Moreover, the associated cubic Jordan algebra is J(X) = A*.

We also need a regularity condition on the data entering into the first Tits construction.

8.5. Non-singular cubic norm structures. A cubic norm structure X is said to be
non-singular if it is finitely generated projective as a k-module and its bilinear trace
Tx: X x X — k is a non-singular symmetric bilinear form. i.e., it canonically induces
an isomorphism from X to X*. Clearly, non-singularity of a cubic norm structure is
preserved under arbitrary base change.
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8.6. Pure elements. Let X be a cubic norm structure over k with norm N = Ny,
trace T = Tx and suppose Xg C X is a non-singular cubic sub-norm structure, so X
is a non-singular cubic norm structure in its own right, with norm Ny = Nx,, trace
Ty = Tx,, and the inclusion Xy < X is a homomorphism of cubic norm structures.
Then the orthogonal decomposition

X=XoaV, V=X,

with respect to the bilinear trace of X comes quipped with two additional structural
ingredients: there is a canonical bilinear action

XoxV —V, (29,0) — zp.v:=—xg X 0,
and there are quadratic maps Q: V — Xy, H: V — V given by
vf = —Q(v) + H(v) (veV).
With these ingredients, an element [ € X is said to be pure relative X if
(i) I € V is invertible in J(X),
(ii) I* € V (equivalently, Q(l) = 0),
(iil) Xo.(Xo.1) € Xp.1.
If this is so, we can give the k-module X the structure of a well defined non-associative

k-algebra Ax(Xo,!) whose bilinear multiplication zoyo is uniquely determined by the
formula

(zoyo) -l :=x0. (Yo .1)-

8.7. Theorem. (The internal first Tits construction) With the notations and assump-
tions of 8.6, A := Ax(Xo,l) together with Ny := Ny is a cubic alternative k-algebra
satisfying X (A) = Xo, hence A* = J(Xy). Moreover, with u:= N(l), the relations

(1) N(xzg+x1 .1+ 22. lﬁ) = Na(zo) + pNa(z1) + ,u2NA(x2) — pTa(xor122),

(2) (204 @1 . L+ 29 18)F = (2} — pay o) + (pah — zomy) 1+ (2 — womg) . 1F

hold in all scalar extensions. O

8.8. Theorem. (The external first Tits construction) ([Fau88], [McC69] [PR86b]) Let
A be a cubic alternative k-algebra with norm Na, trace Ta, write Xg = X(A) for the
associated cubic norm structure and suppose p € k is an arbitrary scalar. Then the
threefold direct sum

X =T (A p) == A® Aj1 © Ajo

of A as a k-module is a cubic norm structure with base point, adjoint, norm and bilinear
trace given by

(1) 1x := 14+ 051 + 0jz,

(2) o= (2h — parwe) + (pah — zoxr)ii + (0} — wam0)jo;

(3) Nx(z) := Na(xo) + uNa(x1) + p?Na(xs) — pTa(zori2s),

(4) Tx(z,y) = To(zo,y0) + pTo(z1,y2) + pT (w2, y1)

for all x = xo + z1j1 + @22, Y = Yo + Y1J1 + Y2J2, Ti,yi € Ar, 1 =0,1,2, R € k-alg. We
say T1(A, u) arises from A, by means of the first Tits construction. O

Remark. (a) We write J(A, u) := J(T1(A, pn)) for the cubic Jordan algebra associated
(b) Identifying A in T (A, p) through the initial summand makes X (A) C X = T1(A, u)
a cubic sub-norm structure. The element j; € X is then pure relative to X(A) and
Ax(X(A),j1) = A as cubic alternative algebras. Note that if u € k* and A (i.e., X(A))
is non-singular, so is %1 (A4, ).
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Among the three conditions defining the notion of a pure element in 8.6, the last one
seems to be the most delicate. It is therefore important to note that, under certain
restrictions referring to the linear algebra of the situation, it turns out to be superfluous.

8.9. Theorem. (Embedding property of first Tits constructions) Let X be a cubic norm
structure over k and suppose X is finitely generated projective of rank at most 3n, n €
N, as a k-module. Suppose further that Xo C X is a non-singular cubic sub-norm
structure of rank exactly n. For an invertible element | € J(X) to be pure relative to
Xo it is necessary and sufficient that both | and I* be orthogonal to Xg. In this case,
setting p = Nx (1), there exists a unique homomorphism from the first Tits construction
T (Ax(Xo,1), ) to X extending the identity of Xo and sending j1 to l. Moreover, this
homomorphism is an isomorphism, and the cubic norm structure X is non-singular of
rank exactly 3n. d

Remark. Already the first part of the preceding result, let alone the second, becomes
false without the rank condition, even if the base ring is a field.

8.10. Examples of cubic alternative algebras. Besides cubic associative algebras,
like étale algebras or Azumaya algebras of degree 3, examples of cubic properly alternative
algebras arise naturally as follows. Letting C' be an composition algebra over k with norm
ne, we put A := ke; @ C as a direct sum of ideals, where ke; = k is a copy of k as a
k-algebra, and define the norm N4: A — k as a cubic form by the formula

Na(re1 +u) = rne(u) (r € R, u € Cg, R € k-alg).

Then A is a cubic alternative algebra with norm N4 over k which is not associative if
and only if C' is an octonion algebra over k.

One may ask what will happen when this cubic alternative algebra enters into the first
Tits construction. Here is the answer.

8.11. Theorem. With the notations and assumptions of 8.10, let yu € k™. Then
T1(A, u) 2 Herz(C;Thy), T = diag(l,-1,1).

In particular, if k = F is a field and C is an octonion algebra, then T1(A,pn) is an
isotropic Albert algebra over F. O

9. THE SECOND TITS CONSTRUCTION

The fact that cubic alternative (rather than associative) algebras belong to the natural
habitat of the first Tits construction gives rise to a remarkable twist when dealing with
the second. We describe this twist in two steps.

9.1. Unital isotopes of alternative algebras. Let A be a cubic alternative algebra
over k and p,q € A*. Thanks to the work of McCrimmon [McC71], the k-module A
carries the structure of a cubic alternative algebra AP over k whose multiplication is
given by x Py := (zp~!)(py) and whose norm Na» = N4 agrees with that of A. We call
AP the unital p-isotope or just a unital isotope of A. It has the following properties.

].Ap - 1A,

(Ap)+ — A"‘,

AP = AP for all a € k%,
(AP)4 = APY,

AP = A if A is associative.
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9.2. Isotopy involutions. By a cubic alternative k-algebra with isotopy involution of
the r-th kind (r = 1,2) we mean a quadruple B = (F, B, 7, p) consisting of
(i) a composition algebra E of rank r over k, called the core of B, with conjugation
LE, @ — Q,
(ii) a cubic alternative E-algebra B,
(iii) an invertible element p € B>,
(iv) an tg-semi-linear homomorphism 7 : B — (BP)°P of unital alternative algebras
satisfying the relations

7(p)=p, 7°=1p, NpoT=1p0Ng.

By 9.1 and (iv), 7: BT — BT is a semi-linear involutorial automorphism, forc-
ing Her(B) := Her(B,7) C X(B) to be a cubic norm structure over k such that
Her(B) ® E = X(B). Homomorphisms of cubic alternative algebras with isotopy in-
volutions of the r-th kind are defined in the obvious way. A scalar p € E is said to
be admissible relative to B if Np(p) = pjii. Condition (iv) implies in particular first
7(zy) = (7(y)p~1)(pr(x)) and then

zp7(z) := z(p7(z)) € Her(B)

but NOT (zp)7(x) € Her(B). Note that admissible scalars relative to B are related not
only to p but, via p, also to 7. Note also by 9.1 that, if p € klp is a scalar, isotopy
involutions are just ordinary involutions.

We say B is non-singular if B is so as a cubic alternative algebra over E, equivalently,
Her(B) is so as a cubic norm structure over k. If the core of B agrees with the centre of
B (as an alternative ring), B is said to be central. Finally, B is said to be division if B
is an alternative division algebra, so all non-zero elements of B are invertible.

9.3. Remark. Let B = (F, B, T, p) be a cubic alternative algebra with isotopy involution
of the r-th kind (r = 1,2) and suppose B is associative, in which case we say B is
associative. Then 9.1 implies BP = B, and 7: B — B is an ordinary involution of the
r-th kind (also called a unitary mvolutzon for r = 2). Thus the parameter p in B can be
safely ignored, allowing us to relax the notation to B = (E, B, 1) for cubic associative
algebras with involution of the r-th kind. In accordance with the terminology of [PR86b],
we then speak of (p, u) as an admissible scalar for B if p € Her(B)* and p € E* satisfy

Ng(p) = pit.

9.4. Theorem. (The external second Tits construction) Let B = (F, B, 1,p) be a cubic
alternative k-algebra with isotopy involution of the r-th kind (r = 1,2) and suppose u € E
18 an admissible scalar relative to B. Then the direct sum

(1) X :=%5(B, ) = Her(B) ® Bj

of Her(B) and B as k-modules is a cubic norm structure over k with base point, adjoint,
norm and bilinear trace respectively given by

(2) 1x := 1p + 0y,
(3) (w0 +uj)? = (2 —upr(w) + (m<u>ﬂp* — @ou)j,
(4) Nx (zo +uj) := Ng(zo) + pNp(u) + iNp(u) (xo upt(u )

(5)  Tx(wo+uj,yo +vj) = Tn(wo,y0) + T (upt(v)) + T (va(U))

for all xy,yo € Her(Br), u,v € Bgr, R € k-alg. We say T2(B, u) arises from B, u by
means of the second Tits construction.

Remark. (a) We write J(B, u) := J(T2(B,n)) for the cubic Jordan algebra associated

(b) Identifying Her(B) C %o(B, ) through the initial summand makes X (Her(B)) C
To(B, ) cubic sub-norm structure.
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There is also an internal second Tits construction; it rests on the notion of

9.5. Etale elements. Returning now to the set-up of 8.6, an element w € X is said to
be étale relative to X if it satisfies the conditions

(1) weV, Qw)eJ(Xo)*, Nx(w)>—4Nx,(Qw)) € k™.
This implies that
(2) By 1= kit)/ (8 = Nx(w)t + Nx, (Q(w)) )

is a quadratic étale k-algebra (hence the name) that is generated by an invertible element.

Remark. Suppose B is non-singular and r = 2 in 9.4, so we are dealing with isotopy
involutions of the second kind. Then j € To(B,u) as in (9.4.1) is an étale element
relative to Her(B) if and only if E = k[u] is étale and generated by p as a k-algebra.

9.6. Theorem. (The internal second Tits construction) With the notations and assump-
tions of 9.5, suppose Xo has rank n, X € k-mod is finitely generated projective of rank
at most 3n and w € X 1is étale relative Xy. Then there are a cubic alternative k-algebra
B with isotopy involution of the second kind as in 9.2 satisfying E = E,,, an admissible
scalar i € E relative to B and an isomorphism

(3:2([5’ /L) % X
sending Her(B) to Xo and j to w.

Instead of a proof. The proof consists in

e changing scalars from k to E, making Xgr C Xg a non-singular cubic sub-norm
structure,

e using w to exhibit a pure element [ of X relative to Xyg,

e applying Theorem 8.9 to give Xog the structure of a cubic alternative F-algebra
A and to identify X g with the first Tits construction T (A, ), for some p € E*,

e arriving at the desired conclusion by the method of étale descent.

O

9.7. Examples: core split isotopy involutions of the second kind. Let A be a
cubic alternative k-algebra and ¢ € A*.

(a) One checks that
B:=(k&k A® AP q®qca),

€4 being the switch on A @ A°P| is a cubic alternative k-algebra with isotopy involution
of the second kind whose core splits. Conversely, all cubic alternative algebras with core
split isotopy involution are easily seen to be of this form.

(b) The admissible scalars relative to B as in (a) are precisely the elements u = A @
A"1N4(q) with A € kX, and there is a natural isomorphism

‘IQ(B, ﬁ,) ;> ‘Il (A, )\)
It follows that

e first Tits constructions are always second Tits constructions,
e second Tits constructions become first Tits constructions after an appropriate
quadratic étale extension.

9.8. Remark. For an Albert algebra J over k to arise from the first or second Tits
construction, it is obviously necessary that J contain a non-singular cubic Jordan sub-
algebra of rank 9. In general, such subalgebras do not exist [PST97], [PST99]. Vladimir
Chernousov (oral communication during the workshop) has raised the question of whether
their existence is related to the existence of tori (with appropriate properties) in the group
scheme of type F} corresponding to J.
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9.9. Examples: cubic étale algebras. Let L be a cubic étale k-algebra, so L is a non-
singular cubic commutative associative k-algebra that has rank 3 as a finitely generated
projective k-module. Suppose further we are given a quadratic étale k-algebra E. Then

L+FE:=(E,LQE, 1, ®g)

(unadorned tensor products always being taken over the base ring) is a cubic étale k-
algebra with involution of the second kind.

As yet, I do not have complete results on the classification of isotopy involutions, but
it should certainly help to note that they are basically the same as isotopes of ordinary
involutions. The precise meaning of this statement may be read off from the following
proposition and its corollary.

9.10. Proposition. If B = (E, B, 7,p) is a cubic alternative algebra with isotopy invo-
lution of the r-th kind over k, then so is
BY:= (B, B, r%p%), ti(x):=q '7(qx), p?:=pd ",
for every q € Her(B)*. We call B? the g-isotope of B, and have
Her(B?) = Her(B)q.
Moreover,
(B1)? = B (¢' € Her(B7)%).

O

9.11. Corollary. With q := p~1, the map 79 is an ordinary involution of the r-th kind
on B, and 7 = (19)P is the p-isotope of T9. O

Isotopes of isotopy involutions also relate naturally to isotopes of second Tits construc-
tions.

9.12. Proposition. (cf. [PR86b]) Let B = (E, B, 7,p) be a cubic alternative algebra with
isotopy involution of the r-th kind over k and g € Her(B)*. If u € E is an admissible
scalar relative to B, then Ng(q)~*u is an admissible scalar relative to B and the map

T2(BY, Np(q) ™' p) — Ta2(B, M)(qilh o +uj — qro + uj

s an isomorphism of cubic norm structures. O

10. SEARCHING FOR ETALE ELEMENTS

The value of the results derived in the preceding section, particularly of Theorem 9.6,
hinges on existence criteria for étale elements. Here we are able to guarantee good results
only if the base ring is a field. The following important observation, however, holds in
full generality.

10.1. Theorem. Let E be a quadratic étale k-algebra, (M, h) a ternary hermitian space
over E and A a volume element of (M,h) (cf. 3.6). Suppose further we are given a
diagonal matriz T' € GLg(k). Then

J :=Her3(C,T"), C :=Zor(E,M,h,A) (cf. (3.7.1))
is a reduced Albert algebra over k containing Jy := Hers(E,T') as a non-singular cubic
subalgebra, and the following conditions are equivalent.

(i) J contains étale elements relative to Jy.
(ii) M is free (of rank 3) as an E-module and E = k[a] for some invertible element
a€ k. O
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Remark. Tt will not always be possible to generate a quadratic étale algebra by an
invertible element, even if the base ring is a field. In that case, the sole counter example
is E=k®k over k =TF,.

Combining Theorem 10.1 with a Zariski density argument and the fact that finite-
dimensional absolutely simple Jordan algebras over a finite field are reduced, we obtain

10.2. Corollary. Let F' be a field, J an Albert algebra F' and Jy C J an absolutely simple
nine-dimensional subalgebra. Then precisely one of the following holds.

(a) J contains étale elements relative to Jy.
(b) Jo = Mat;;(F)* and F = FQ.

Moreover, if Jo = Matz(F)™", then J contains pure elements relative to Jy. O

10.3. Corollary. ([McC70], [PR86a]) Let J be an Albert algebra over a field F and
suppose Jy C J is an absolutely simple nine-dimensional subalgebra. Then there exist a
non-singular cubic associative F-algebra B with involution of the second kind as well as

an admissible scalar (p, p) relative to B such that J = J(B,p, n) under an isomorphism
matching Jo with Her(B). O

Treating the analogous situation on the nine-dimensional level, we obtain:

10.4. Proposition. Let E be a quadratic étale k-algebra, T' € GL3(k) a diagonal matriz
and J := Hers(E,T) the corresponding reduced cubic Jordan algebra over k. Then the
diagonal matrices L := Diags(k) form an étale cubic subalgebra of J, and the following
conditions are equivalent.

(i) J contains étale elements relative to L.
(ii) E = kla] for some invertible element a € E. O

But since cubic étale algebras over finite fields need not be split, the analogue of Corol-
lary 10.2 does not hold on the nine-dimensional level, while the corresponding analogue
of Corollary 10.3, though true, is more difficult to ascertain if the base field is finite. In
order to formulate this result,we require two preparations.

10.5. The product of quadratic étale algebras. Quadratic étale algebras over a
field F are classified by H(F,Z/2Z) (see 12.6 below). Since the latter carries a natural
abelian group structure, so do the isomorphism classes of the former. Explicitly, if E, B’
are two quadratic étale F-algebras, so is

E-E =Her(E® E',1p ® tg),

and the composition (E, E’') — E - E' of quadratic étale F-algebras corresponds to the
additive group structure of H(F,Z/2Z).

10.6. The discriminant of a cubic étale algebra. Let L be a cubic étale algebra
over a field F. Then precisely one of the following holds.

(a) L is reduced: L =2 F & K, for some quadratic étale F-algebra K, necessarily
unique. We say that L is split if K is.

(b) L/F is a separable cubic field extension, which is either cyclic or has the sepa-
rable cubic field extension Lg /K cyclic for some separable quadratic field ex-
tension K/F, again necessarily unique.

We call the quadratic étale F-algebra

K if L is as in (a),
Disc(L) FoF if L/F is a cyclic cubic field extension,
isc(L) :=
K if L/F is a separable non-cyclic cubic field extension

and K is as in (b).



24 HOLGER P. PETERSSON

the discriminant of L. This terminology is justified by the fact that, if char(F') # 2, then
Disc(L) = F(\/d), where d is the ordinary discriminant of the minimum polynomial of
some generator of L over F'. But notice d = 1 for char(F) = 2.

10.7. Theorem. ([KMRT98], [PR84b], [PT04]) Let B = (E, B, 7) be a central simple
cubic associative algebra with involution of the second kind over a field F' and suppose
L C Her(B) is a cubic étale subalgebra. Then there exists an admissible scalar (p, )
relative to Lx(E-Disc(L)) such that the inclusion L — Her(B) extends to an isomorphism

J(L * (E - Disc(L)), p, u) s Her(B).

11. CUBIC JORDAN DIVISION ALGEBRAS

In this section, the structure of cubic Jordan division algebras, which are the same
as hexagonal systems in the sense of [TW02], will be investigated over an arbitrary base
field F'; Albert division algebras, i.e., Albert algebras that are Jordan division algebras
at the same time, form a particularly important subclass. We begin with a fundamental
result of a more general nature.

11.1. Theorem. ([Rac72]) Let J be a non-singular cubic Jordan algebra over F. Then
precisely one of the following holds.
(a) There exists a non-singular pointed quadratic form Q over F such that J is
isomorphic to the cubic Jordan algebra F & J(Q) of 5.5 (b).
(b) J is reduced: There exist a non-singular composition algebra C over F and a
diagonal matriz T' € GL3(F) such that J = Hers(C,T).
(¢c) J is a Jordan division algebra, i.e., all its non-zero elements are invertible.

O
Remark. With the obvious adjustments, Racine’s theorem holds (and was phrased as

such) under slightly more general conditions, replacing non-singularity by the absence of
absolute zero divisors: U, = 0=z = 0.

11.2. Corollary. An absolutely simple cubic Jordan algebra over I is either reduced or
a division algebra. O

One advantage of working with cubic Jordan algebras over fields is that subspaces stabi-
lized by the adjoint automatically become cubic Jordan subalgebras. This aspect must
be borne in mind in the first of the following technicalities but also later on.

11.3. Lemma. ([Bru00]) Let J be a cubic Jordan algebra over F. Then the cubic Jordan
subalgebra J' C J generated by elements x,y € J is spanned by
Lz, af y,f o x oy, af x oy, x x yf af < yf

as a vector space over F. In particular, dimp(J") <9. O

11.4. Lemma. Let B = (E,B,7,p) be a cubic alternative F-algebra with isotopy invo-
lution of the r-th kind (r = 1,2) and suppose p € E is an admissible scalar. Then the
following conditions are equivalent.

(i) The second Tits construction J(B, p) is a Jordan division algebra.
(ii) Her(B) is a Jordan division algebra and pn ¢ Np(B*).
O

11.5. Lemma. A cubic Jordan division algebra over F is either non-singular or a purely
inseparable field extension of characteristic 3 and exponent at most 1. g
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11.6. Theorem. (Enumeration of cubic Jordan division algebras) A Jordan F-algebra
J # F is a cubic Jordan division algebra if and only if one of the following conditions
holds.

(a) J/F is a purely inseparable field extension of characteristic 3 and exponent at
most 1.

(b) J/F is a separable cubic field extension.

(¢) J = DT for some central associative division algebra D of degree 3 over F.

(d) J 2 Her(E,D,7), for some central associative division algebra (E,D,T) of de-
gree 3 over F with involution of the second kind.

(e) J = J(D,u) for some central associative division algebra D of degree 3 over F
and some scalar p € F*\ Np(D*).

(f) J =2 J(D,p,p) for some central cubic associative division algebra D = (E, D, T)
with involution of the second kind over F and some admissible scalar (p, p)
relative to D with u ¢ Np(D*).

In cases (e),(f), J is an Albert division algebra, and conversely.

Sketch of proof. Let J be a cubic Jordan division algebra over F. If J is singular, we
are in case (a), by Lemma 11.5, so we may assume J is non-singular. If dimg(J) < 3,
we are clearly in case (b), so we may assume dimpg(J) > 3. Then, by the theorem
of Chevalley (cf. [Lan02]), the base field is infinite, and Theorem 11.1 combines wit a
descent argument to show that J is absolutely simple of dimension 6,9, 15, or 27.

First suppose dimp(J) = 6. Since J is non-singular, it contains a separable cubic
subfield, from which it is easily seen to arise by means of the second Tits construction in
such a way that condition (ii) of Lemma 11.4 is violated. Hence J cannot be a division
algebra. This contradiction shows that J has dimension at least 9.

If dimp(J) = 9, Theorem 11.1 implies that J is an F-form of Hers(F & F) = At
A := Mat3(F), and since the Z-automorphisms of AT are either automorphisms or anti-
automorphisms of A, a Galois descent argument shows that we are in cases (¢),(d), so we
may assume dimp(J) > 9. Any separable cubic subfield E C J together with an element
y € J\ E by Lemma 11.3 and by what we have seen already generates a subalgebra J' C J
having dimension 9, hence the form described in (c),(d). Assuming dimp(J) = 15 and
passing to the separable closure Fy of F, the inclusion of J’ to J becomes isomorphic to
the map

Hers(F, & F,) < Hers (Maty(Fy))

induced by the diagonal embedding Fs @& Fs — Mato(Fs). Now it follows easily that the
norm of .J vanishes on J'* since it does so after changing scalars to the separable closure.
Thus dimp(J) = 27, so J is an Albert algebra, by Cor. 10.3 and Lemma 11.4 necessarily
of the form described in (e),(f). O

11.7. Historical remarks. It took the Jordan community a considerable while to realize
that Albert division algebras do indeed exist, see, e.g., [Sch48] (resp. [Pri51]) for some
explicit (resp. implicit) details on this topic. The first examples of Albert division
algebras were constructed by Albert [Alb58], who investigated them further in [Alb65].
After Springer [Spr63] (see also Springer-Veldkamp [SV00]) had provided an alternate
approach to the subject by means of twisted compositions , it was Tits who presented his
two constructions (without proof) at the Oberwolfach conference on Jordan algebras in
1967; a thorough treatment in book form was subsequently given by Jacobson [Jac68]. It
should also be mentioned here that the first Tits construction using the cubic associative
algebra A := Matz(k) and the scalar p := 1 as input, leading to the split Albert algebra
in the process, is already in [Fre59].

All these investigations were confined to base fields of characteristic not 2. McCrim-
mon [McC69, McC70] removed this restriction. Later on, the two Tits constructions
were put in broader perspective through the Tits process developed by Petersson-Racine
[PR86a, PR86b], which was subsequently applied by Tits-Weiss [TWO02] to the theory of
Moufang polygons.
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Returning to Albert’s investigations [Alb58, Alb65] over fields of characteristic not 2,
it is quite clear that he understood the term Jordan division algebra in the linear sense,
i.e., as referring to a (finite-dimensional) (linear) Jordan algebra J whose (linear) Jordan
product has no zero divisors. The question is how cubic Jordan division algebras in our
sense fit into this picture. Here is the simple answer.

11.8. Proposition. ([Pet81]) For a finite-dimensional cubic Jordan algebra J over a
field of characteristic not 2 to be a Jordan division algebra it is necessary and sufficient
that its bilinear Jordan product have no zero divisors.

Proof. Sufficiency is easy. To prove necessity, suppose J is a Jordan division algebra
and a,b € J satisfy a.b = 0, the dot referring to the bilinear Jordan product. The case
of a field extension being obvious, we may assume by Lemma 11.3 and Theorem 11.6
that J has dimension 9, hence is as in (¢) or (d) of that theorem. Passing to a separable
quadric extension if necessary we may in fact assume J = D for some central associative
division algebra D of degree 3 over the base field. Then a.b = 0 is equivalent to the

relation ab = —ba in terms of the associative product of D. Taking norms, we conclude
Np(a)Np(b) = —Np(a)Np(b), and since we are in characteristic not 2, one of the
elements a, b must be zero. O

12. INVARIANTS

After having enumerated non-singular cubic Jordan algebras in Theorems 11.1, 11.6,
we now turn to the problem of classification, with special emphasis on Albert algebras.
The most promising approach to this problem is by means of invariants. In Section 7,
particularly 7.9, we have already encountered the classifying invariants f,. and f, o for
reduced cubic Jordan algebras Her3(C,T') (C a composition algebra of dimension 27,
r =1,2,3), with nice cohomological interpretations to boot. We speak of the invariants
mod 2 in this context

Our first aim in this section will be to show that these invariants survive also for cubic
Jordan division algebras. In the case of Albert algebras, Serre [Ser95a, Theorem 10]
(see also [GMS03, Theorem 22.4]) has done so by appealing to the algebraic theory of
quadratic forms, particularly to the Arason-Pfister theorem (cf. [EKMO08, Cor. 23.9]),
combined with a descent property of Pfister forms due to Rost [Ros99].

Here we will describe an approach that is more Jordan theoretic in nature. Fixing an
arbitrary base field F' and an absolutely simple cubic Jordan algebra J over F' (which
belongs to one of the items (c)—(f) in Theorem 11.6), our approach is based on the
following concept.

12.1. Reduced models. A field extension L/F is called a reducing field of J if the
scalar extension Jy, is a reduced cubic Jordan algebra over L. By a reduced model of J
we mean a reduced cubic Jordan algebra J,.q over F which becomes isomorphic to J
whenever scalars are extended to an arbitrary reducing field of J: (Jieq)r = Jp, for all
field extensions L/F having J;, reduced. It is clear that, once existence and uniqueness
of the reduced model have been established, the invariants mod 2 of J simply can be
defined as the ones of Jyeq.

12.2. Theorem. ([PR96b]) Reduced models exist and are unique up to isomorphism.

Instead of a proof. Uniqueness follows from Theorem 7.6 and Springer’s theorem [EKMO08,
Cor. 18.5], which implies that two non-singular quadratic forms over F that become
isometric after an odd degree field extension must have been so all along. Existence can
be established in a way that yields some insight into the structure of the reduced model
at the same time.
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12.3. The octonion algebra of an involution. Let B = (E, B, 7) be a central simple
associative algebra of degree 3 with involution of the second kind over F. Then (1p,1f)
is an admissible scalar relative to B and, following [PR95], we deduce from Corollary 11.2
combined with Lemma 11.4 that J(B,1p,1g) is a reduced Albert algebra over F. Its
co-ordinate algebra (cf. 7.3) is an octonion algebra over F' denoted by C := Oct(B), while
its norm is a 3-Pfister quadratic form thoroughly investigated by Haile-Knus-Rost-Tignol
[HKRT96]. They showed, in particular, (see also [Pet04]) that this 3-Pfister quadratic
form is a classifying invariant for involutions (of the second kind) on B. In the following
description of this 3-Pfister form, we make use of the product of quadratic étale algebras
and of the discriminant of a cubic étale algebra as explained in 10.5, 10.6.

12.4. Theorem. ([KMRT98], [PR95, PRI6b|) Let B = (E,B,T) be a central simple
associative algebra of degree 3 with involution of the second kind over F and suppose
L C Her(B) is a cubic étale subalgebra.

(a) Writing dg,p € F* for the ordinary discriminant of E as a quadratic étale I'-algebra,
we have

noc(B) = Ne-pise(L) ® de/r(SHerB)11)-
(b) E C Oct(B) is a quadratic étale subalgebra, and scalars v1,72 € F* satisfy the
relation Oct(B) = Cay(E; —v1, —72) if and only if
Her(B)rea = Hers(E,T'), T = diag(y1,72,1)
is a reduced model of Her(B). O

12.5. Corollary. ([PR96b]) Let J be an Albert algebra over F, realized as J = J(B,p, i)
by means of the second Tits construction, where B = (E,B,T) is a central simple as-
sociative algebra of degree 3 with involution of the second kind over F and (p,p) is an
admissible scalar relative to B. Then E C Oct(B?), q := p~!, is a quadratic étale subal-
gebra and, for any v1,v2 € F* such that Oct(B?) = Cay(E; —y1, —72),

Jred = Herz(Oct(B7),T), T = diag(y1,72,1),
is a reduced model of J. O

There exists yet another cohomological invariant of Albert algebras, called the invariant
mod 3, that, contrary to the previous ones, doesn’t seem to allow a non-cohomological
interpretation. In order to define it, we require a short digression into Galois cohomology,
see, e.g., [Ser02], [KMRT98] or [GS06].

12.6. Facts from Galois cohomology. (a) Let G be a commutative group scheme of
finite type over our base field F', so G is a functor from (unital commutative associative)
F-algebras to abelian groups, represented by a finitely generated F-algebra. Writing F
for the separable closure of F', we put

H'(F,G) = H'(Gal(F,/F), G(Fy))

for all integers ¢ > 0 and

H*(F,G):= P H'(F,G),
i>0
which becomes a graded ring under the cup product. If we are given a field extension
K/F, there are natural homomorphisms

resg/p: H'(F,G) — H"(K,G) (restriction)
corg/p: H'(K,G) — H*(F,G) (corestriction)
of graded rings, and if K/F is finite algebraic, then
corores = [K : F]1.

In particular, if a prime p kills G but does not divide [K : F], then the restriction map
res: H*(F,G) — H*(K,G) is injective.
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(b) For a positive integer n, we consider the constant group scheme Z/nZ with trivial
Galois action and conclude that

HY(F,Z/nZ) = Homg(G,Z/nZ), G :=Gal(F,/F),

the right-hand side of the first equation referring to continuous G-homomorphisms, clas-

sifies cyclic étale F-algebrasf degree n, i.e., pairs (L,p) where L is an étale algebra of

dimension n over F' and p: L — L is an F-automorphism having order n and fixed

algebra F1;. The cohomology class of (L, p) will be denoted by [L,p] € H*(F,Z/nZ).

It is easy to see that a cyclic étale F-algebra (L, p) of degree n has either L/F a cyclic

field extension, with p a generator of its Galois group, or is split, i.e., isomorphic to
(F"7 (a1, o1, ap) — (ag, ... ,ozn,ozl)).

(c) Let Gy, the commutative group scheme of units given by Gy, (R) = R* for R € F-alg.
Then
Br(F) := H*(F,Gy)
is the Brauer group of F'. It has a natural interpretation as the group of similarity classes
[D] of central simple (associative) F-algebras D.
(d) The Brauer group is known to be a torsion group. For a positive integer n, we write
2Br(F) := {a € Br(F) | na = 0}
for its n-torsion part, and if n is not divisible by the characteristic of F', then
WBr(F) = H*(F,p,),
where p,, stands for the group scheme of n-th roots of 1, given by
po(R):={reR|r =1}, Rec F-alg.
In particular, if D is a central simple associative algebra of degree n over F, i.e., an
F-form of Mat,,(F), then [D] € H*(F, w,,).
(e) Let n be a positive integer not divisible by char(F'), (L, p) a cyclic étale F-algebra of
degree n and v € F*. We write D := (L, p,v) for the associative F-algebra generated by
L and an element w subject to the relations w™ = 1p, wa = p(a)w (a € L). It is known
that D is a central simple algebra over I'; we speak of a cyclic algebra in this context.
In cohomological terms we have
[D] = [L,p,7] =L, pl U] € H*(F,Z/nZ @ p,,) = H*(F, p,),
where v — [v] stands for the natural map F* — H'(F, u,) induced by the n-th power
map G, — Gy.

12.7. Theorem. ([Ros91]) If F has characteristic not 3, there exists a cohomological
invariant assigning to each Albert algebra J over F' a unique element

g3(J) € H*(F,Z/3Z)
which only depends on the isomorphism class of J and satisfies the following two condi-
tions.

(a) If J = J(D,u) for some central simple associative F-algebra D of degree 3 and
some € F*, then

95(J) = [D]U [u] € H?(F, ps ® pg) = H*(F,Z/3Z).
(b) g3 commutes with base change, i.e.,

93(J @ K) =resg,r (93(J))
for any field extension K/F.
Moreover,

(¢) g3 detects division algebras in the sense that an Albert algebra J over F is a
division algebra if and only if gs(J) # 0.

O
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12.8. Remark. (a) In part (a) of the theorem it is important (though trivial) to note
that, given a cube root ¢ € F; of 1, the identification

w3 (Fy) @ py(Fy) = Z/3Z, (' ¢ =ijmod 3 (i,j € Z)

does not depend on the choice of (.

(b) The invariant mod 3 of Albert algebras originally goes back to a suggestion of Serre
[Ser91],[Ser00, pp. 212-222]. Its existence was first proved by Rost [Ros91], with an
elementary proof working also in characteristic 2 subsequently provided by Petersson-
Racine [PR96a]. The characterization of Albert division algebras by the invariant mod
3 rests on a theorem of Merkurjev-Suslin [MS82], see also [GS06]. The approach to the
invariant mod 3 described in Theorem 12.7 does not work in characteristic 3; in this
case, one has to proceed in a different manner due to Serre [Ser95b], [PR97]. Nowadays
the invariant mod 3 of Albert algebras fits into the more general framework of the Rost
invariant for algebraic groups (groups of type Fj in the present case), see [GMS03] for a
systematic treatment of this topic.

12.9. Corollary. Let J be an Albert division algebra over F. Then Jgk is an Albert
division algebra over K, for any finite algebraic field extension K/F' of degree not divisible
by 3.

Proof. For simplicity we assume char(F') # 3. Since g3(J) # 0 by Theorem 12.7 (c),
and the restriction map from H?(F,Z/3Z) to H3(K,Z/37Z) is injective by 12.6 (a), we
conclude g3(Jk) # 0 from Theorem 12.7 (b). Hence Jk is a division algebra. O

12.10. Symplectic involutions. Assume char(F') # 2 and let (B, 7) be a central simple
associative algebra of degree 8 with symplectic involution (of the first kind) over F.
Writing ¢ for the generic trace of the Jordan algebra Her(B,7) and picking an element
e € X := Ker(t) satisfying t(e3) # 0, Allison and Faulkner [AF84] have shown that X
carries the structure of an Albert algebra J(B, T, e) in a natural way.

12.11. Corollary. The Albert algebra J := J(B,1,¢) defined in 12.10 is reduced.

Instead of a proof. (B,7) has a splitting field of degree 1,2,4, or 8, and one checks
easily that the scalar extension Jg is not a division algebra. Hence neither is J, by
Corollary 12.9. O

12.12. Corollary. ([PR94]) Let D be a central simple associative F-algebra of degree 3
and p, ' € F*. For the Albert algebras J(D, i), J(D, ') to be isomorphic it is necessary
and sufficient that ' = uNp(u), for some u € D*.

Proof. The condition is easily seen to be sufficient. Conversely, suppose J(D, u) and
J(D, ') are isomorphic. Then they have the same invariant mod 3, and the bi-linearity
of the cup product implies

g3(J(D, pp'=1)) = [D]U ([p] = []) = 0.

Hence J(D, puu/~1) is not a division algebra by Theorem 12.7 (c), and up'~! € Np(D*)
by Lemma 11.4. O

The analogue of this corollary for second Tits constructions is more delicate:

12.13. Theorem. ([PST98], [Pet04]) Let D = (E,D,T) be a central simple associative
algebra of degree 3 with involution of the second kind over F and suppose (p, ), (p', 1)
are admissible scalars relative to D. Then the Albert algebras J(D,p, ) and J(D,p', 1)
are isomorphic if and only if p' = upt(u) and p' = pNp(u) for some u € D*. O
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13. OPEN PROBLEMS

Let F' be an arbitrary field. In the preceding sections we have encountered three
cohomological invariants of Albert algebras, namely, f3, f5, belonging to H?(F;Z/2Z),
H5(F;Z/2Z), respectively, which make sense also in characteristic 2 ([EKMO08]), and g3,
belonging to H3(F,Z/3Z), which makes sense also in characteristic 3 (Remark 12.8 (b)).
Our starting point in this section will be the following result.

13.1. Theorem. ( [GMSO03], [Gar09]) f5 and f5 are basically the only invariants mod 2
and g3 is basically the only invariant mod 3 of Albert algebras over fields of characteristic
not 2, 3. 0

In view of this result, it is natural to ask the following question

13.2. Question. ([Ser91],[Ser95a, p.465]) Do the invariants mod 2 and 3 classify Albert
algebras up to isomorphism?

13.3. Remark. By the results of Section 7, Question 13.2 has an affirmative answer
when dealing with reduced Albert algebras. In particular, an Albert algebra is split if
and only if all its invariants fs, f5, g3 are zero. Furthermore, Aut(J), the group of type
F, attached to an Albert algebra J over F, is isotropic if and only if the invariants f5
and g3 are zero, which in turn is equivalent to J containing non-zero nilpotent elements,
justifying the terminology of 7.4.

A less obvious partial answer to Question. 13.2 reads as follows.

13.4. Theorem. ([Ros02]) Let J,J' be Albert algebras over F and suppose their invari-
ants mod 2 and 3 are the same. If F' has characteristic not 2,3, there exist field exten-
sions K/F of degree divisible by 3 and L/ F of degree not divisible by 3 such that Jx = J},
and Jp = Jj . O

A complete answer to Question 13.2 being fairly well out of reach at the moment, one
might try to answer it for specific subclasses of Albert algebras (other than reduced ones),
e.g., for first Tits constructions. This makes sense because first Tits constructions can
be characterized in terms of invariants.

13.5. Theorem. ([PR84a], [KMRT98], [Pet04]) For an Albert algebra J over F', the
following conditions are equivalent.

(i) J is a first Tits construction.
(ii) The reduced model of J is split.
(i) fo(J) = 0.
O

Since f5 is always a multiple of f3 by (7.9.1), Question 13.2 when phrased for first Tits
constructions reads as follows.

13.6. Question. Does the invariant mod3 classify first Tits construction Albert alge-
bras up to isomorphism?

We have just learned from Richard Weiss’ talk that isomorphism classes of Moufang
hexagons are in a one-to-one correspondence with isotopy classes of cubic Jordan division
algebras. It is therefore natural to look for classifying invariants for Albert algebras up to
isotopy. Before doing so, however, it has to be decided which ones among the invariants
fs, f5, 93 are actually isotopy invariants. Our answer will be based upon the following
result.

13.7. Theorem. ([PR84al) Let J,J" be Albert algebras over F' such that J is a first Tits
construction and J' is isotopic to J. Then J' is isomorphic to J. g
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13.8. Corollary. f3 and g3 are isotopy invariants of Albert algebras.

Proof. Let J be an Albert algebra over F. We first deal with f5, where we may as-
sume that J is a division algebra (Theorem 7.2). Picking any separable cubic subfield
L C J, the extended algebra J; becomes reduced over L, and since the restriction
H3(F,Z/2Z) — H3(L,Z(2Z) is injective, the assertion follows. Next we turn to gs,
where we may assume that J is not a first Tits construction (Theorem 13.7). But then
it becomes one after an appropriate separable quadratic field extension (9.7), and the
assertion follows as before. O

Now the isotopy version of Question13.2 can be phrased as follows.

13.9. Question. ([Ser91]) Do the invariants f3 and g3 classify Albert algebras up to
isotopy?

13.10. Proposition. If f3, f5 and g3 classify Albert algebras up to isomorphism, then f3
and gs classify them up to isotopy.

Instead of a proof. Using the theory of distinguished involutions ([KMRT9S8], [Pet04]),
one shows that every Albert algebra over F' has an isotope whose fs-invariant is zero. [

13.11. The Kneser-Tits problem. (cf. [Gar07], [Gil09]) Let G be a simply con-
nected absolutely quasi-simple F-isotropic algebraic group. The Kneser-Tits problem
asks whether G(F'), the group of F-points of G, is projectively simple in the sense that
it becomes simple (as an abstract group) modulo its centre. When phrased for certain
forms of Eg having F-rank 2 (cf. [Tit90]), the Kneser-Tits problem can be translated
into the setting of Albert algebras and then leads to the Tits-Weiss conjecture ([TWO02,
p. 418)]).

13.12. The Tits-Weiss conjecture. The structure group in the sense of 4.8 of an Albert
algebra over F is generated by U-operators U,, x € J*, and by scalar multiplications
y—=ay, a € F*.

A partial affirmative solution to this conjecture has recently been given by Thakur.

13.13. Theorem. ([Thal2]) The Tits-Weiss conjecture is true for Albert division alge-
bras that are pure first Tits constructions.

Remark. (a) [Thal2] shows in addition that the Tits-Weiss conjecture has an affirmative
answer also for reduced Albert algebras.

(b) By a pure first Tits construction we mean of course an Albert algebra that cannot
be obtained from the second. The significance of the preceding result is underscored by
the fact that pure first Tits constructions exist in abundance. For example, all Albert
division algebras over the iterated Laurent series field in several variables with complex
coefficients are pure first Tits constructions ([PR86¢]), see also 13.16 below for more
details.

13.14. Wild Albert algebras. [GP11] investigated wild Pfister quadratic forms over
Henselian fields and also connected their results with Milnor’s K-theory mod 2. In doing
so, they took advantage of the fact that Pfister quadratic forms are classified by their
cohomological invariants (see 7.9 above).

It is tempting to try a similar approach for wild Albert algebras over Henselian fields.
The fact that we do not know at present whether Albert algebras are classified by their
cohomological invariants should not serve as a deterrent but, on the contrary, as an
incentive to do so. Indeed, working on this set-up could lead to new insights into the
classification problem 13.2.
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13.15. The Jacobson embedding theorem. Jacobson has shown in [Jac68, Theo-
rem IX.11] that every element of a split Albert algebra over a field F' of characteristic
not 2 can be embedded into a (unital) subalgebra isomorphic to Mats(F)*. In view of
Jacobson’s result, which I have extended to base fields of arbitrary characteristic (un-
published), it is natural to ask the following question: Can every element of a first Tits
construction Albert division algebra be embedded into a subalgebra isomorphic to DT, for
some central associative division algebra D of degree 39 The answer to this question
doesn’t seem to be known.

13.16. Special fields. What do we know about Albert algebras over special fields? The
reader may wish to consult the matrix (1) below from which one can depict, over the
various fields in column 1, the number of non-isomorphic (resp. non-isotopic) reduced
Albert algebras in column 2 (resp. 3) and the number of non-isomorphic (resp. non-
isotopic) Albert division algebras in column 4 (resp. 5).

field isom-red isot-red isom-div isot-div

C 1 1 0 0
R 3 2 0 0
(1) F, 1 1 0 0
[F:Qp] <o 1 1 0 0
[F:Q] < oo 3#FoR) o#(FoR) 0 0

C((t1,.--,tn)) an(C) Bn(C) 1 (C) ¥n(C)
R((tlv'“atn)) an(R) ﬁn(R) 0 07

Here #(F — R) stands for the number of real embeddings of a number field F' and
C((t1,...,tn)) (resp. R((t1,...,ty)) refers to the field of iterated formal Laurent series
in n variables with complex (resp. real) coefficients. Finally, the numerical entries in the
two bottom rows are defined by

an(C) = 210¥327 (25" —31-2%" 4 347 . 237 _ 491 . 2273 L 115 27F0 4 59. 210),
5(C) = ﬁ(z“ —7(22m 9ty 4 160),

1 (C) = m (33” —13(320 — g+ — 27),

an(R) = ﬁ (25” 49 2% 4393 9301 909 . 920+ | 7. oS | 1818),
Ba(R) = % (2% 7(22 + 21) 4 20).

The entries in rows 1,2 of (1) are standard, while the ones in row 3 (resp. 4) follow
from the theorem of Chevalley-Warning (cf. [Lan02]) (resp. from standard properties of
quadratic forms over p-adic fields combined with a theorem of Springer [Spr55]), which
imply that Albert algebras over the fields in question are split. Moreover, the numerical
entries in row 5 are due to Albert-Jacobson [AJ57], while the ones in rows 6,7 are
contained in, or follow easily from, [Pet74a, Pet74b, Pet75]3. Finally, the number of
non-isomorphic isotropic Albert algebras over the special fields at hand can also be read
off from (1) since, by Theorems 7.2, 7.5, it agrees with the entries of column 3.

31 am indebted to Jean-Pierre Serre [Ser95b] for having pointed out to me a mistake in the compu-
tations of [Pet75], which is responsible for the (erroneous) formula describing v, (C) in [Pet75] to differ
from the (correct) one presented here by a factor 2: in my original computations, I had overlooked the
fact that, given a central associative division algebra D of degree 3, the algebras D and D°P are never
isomorphic, while the corresponding Jordan algebras always are.
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13.17. The cyclicity problem. We close these notes with a question that, fittingly,
was raised by Albert [A1b65] himself: Does every Albert division algebra contain a cyclic
cubic subfield? A positive answer to this question would not only have a significant
impact on Albert’s own approach to the subject but also on the theory of cyclic and
twisted compositions [Spr63], [SV00], [KMRT98].

While we do know that Albert’s question has an affirmative answer if (i) the base
field has characteristic not 3 and contains the cube roots of 1 [PR84b] or (ii) the base
field has characteristic 3 [Pet99], dealing with this question in full generality seems to be
rather delicate since, for example, the answer to its analogue for cubic Jordan division
algebras of dimension 9 is negative. This follows from examples constructed in [PR84b]
(see also [HKRT96]) which live over the field R((ty,...,t,)) in the last row of (13.16.1).
Unfortunately, this field is of no interest to Albert’s original question since, again by the
last row of (13.16.1), it fails to admit Albert division algebras.



INDEX

Albert algebra, 11 internal second Tits construction, 20
division, 23 linear trace, 9
reduced, 13 non-singular, 17
split, 13 norm, 9
algebra, 1 quadratic trace, 9
étale, b cubic sub-norm structure, 17

cubic étale, 21
discrimonant, 23
cyclic étale, 27
finitely presented, 5
octonion, 4

fundamental formula, 6

Galois cohomology, 27
generically algebraic of degree 3, 11
Glennie’s identity, 13

split, 5 ) group scheme
quadrgtlctet;le, 3 commutative of finite type, 27
product,
split, 3 hermitian space
quaternion, 3 ternary, 4
split, 4 unary, 4
simple, 5 hermitian vector product, 4
unital, 1

with involution, 7 invariant mod three, 26
alternative algebr;, 3 invariants mod two, 15, 25
involution, 3

distinguished, 30

octonion algebra of, 26
base change, 2 scalar, 3
Brauer group, 27 symplectic, 4, 28

invertibility, 3
unital isotope, 19

Jordan
bilinear product, 6
circle product, 6
identity, 6
triple product, 6
Jordan algebra, 6
U-operator, 6
of 7-hermitian elements, 7
division, 7
exceptional, 7
homomorphism, 6
ideal, 6
inner structure group, 8

composition algebra, 3
conjugation, 3
embedding property, 16
external Cayley-Dickson construction, 16
internal Cayley-Dickson construction, 16
norm, 3
trace, 3
corestriction, 27
cubic alternative algebra, 16
isotopy involution, 19
isotopy involution
admissible scalar, 19

tral, 19 i ibili
centra, invertibility, 7
core, 19 isot 8
division, 19 I'SO o
linear, 6

non-singular, 19
cubic form, 9
cubic Jordan algebra, 10
bilinear trace, 10

linear division, 25
of a pointed quadratic form, 7
of an associative algebra, 7

division, 23 powers, 7
. . simple, 6
isotropic, 14 .
. special, 7
linear trace, 10
. structure group, 8
non-singular, 10 .
. unit, 6
quadratic trace, 10
reduced, 13 Kneser-Tits problem, 30
reduced model, 26
split, 13 locally absolutely simple, 11
cubic norm structure, 9 )
étale element, 20 m(;d.u;f v flat. 5
adjoint, 9 ;“ ; y flat,
base point, 9 at,. tive. 2
bilinear trace, 9 prOJeck IV;’
embedding property, 18, 20 ranx,
external first Tits construction, 18 o. 27
b
external second Tits construction, 19
internal first Tits construction, 17 polynomial law, 9

34



ALBERT ALGEBRAS

homgeneous, 9

scalar, 9
polynomial map, 8
projectively simple, 30
pure elements, 17

quadratic form, 2
non-degenerate, 2
bilinear radical, 2
non-singular, 2
pointed, 7

base point, 7
separable, 2

quadratic map, 2
bilinearization, 2
polarization, 2

restriction, 27

scalar extension, 2
subalgebra, unital, 2

Tits-Weiss conjecture, 30
twisted hermitian matrices, 11

unimodular, 9
volume element, 4

Zorn vector matrices, 5

35



36

[AF84]
[AJ57)
[Alb34]
[Alb58]
[A1b65]

[BK66]
[BouT72]

[Bru00]
[Cox46]
[CS03]
[EKMOg]

[Fau70]

[Faug8]
[Fau00]
[Fer67)
[Fre59)]
[Gar07]

[Gar09]

[Gil09]

[GMS03]

[GP11]
[Gro67]

[GS06]

[HKRT96]

[HLO4]

[Jac68]
[JacT1]
[Jac81]

[Jor33]

HOLGER P. PETERSSON

REFERENCES

B.N. Allison and J.R. Faulkner, A Cayley-Dickson process for a class of structurable algebras,
Trans. Amer. Math. Soc. 283 (1984), no. 1, 185-210. MR 735416 (85i:17001)

A.A. Albert and N. Jacobson, On reduced exceptional simple Jordan algebras, Ann. of Math.
(2) 66 (1957), 400-417. MR 0088487 (19,527b)

A.A. Albert, On a certain algebra of quantum mechanics, Ann. of Math. (2) 35 (1934), no. 1,
65-73. MR 1503142

, A construction of exceptional Jordan division algebras, Ann. of Math. (2) 67 (1958),
1-28. MR 0091946 (19,1036b)

, On exceptional Jordan division algebras, Pacific J. Math. 15 (1965), 377-404.
MR 0182647 (32 #130)

H. Braun and M. Koecher, Jordan-Algebren, Springer-Verlag, Berlin, 1966. MR 34 #4310
N. Bourbaki, Elements of mathematics. Commutative algebra, Hermann, Paris, 1972, Trans-
lated from the French.

P. Bruehne, Ordnungen und die Tits-Konstruktionen von Albert-Algebren, Ph.D. thesis,
Fernuniversitat in Hagen, 2000.

H. S. M. Coxeter, Integral Cayley numbers, Duke Math. J. 13 (1946), 561-578. MR 0019111
(8,370b)

J.H. Conway and D.A. Smith, On quaternions and octonions: their geometry, arithmetic,
and symmetry, A K Peters Ltd., Natick, MA, 2003. MR 1957212 (2004a:17002)

R. Elman, N. Karpenko, and A. Merkurjev, The algebraic and geometric theory of quadratic
forms, Coll. Publ., vol. 56, Amer. Math. Soc., Providence, RI, 2008. MR 2427530

J.R. Faulkner, Octonion planes defined by quadratic Jordan algebras, Memoirs of the Ame-
rican Mathematical Society, No. 104, Amer. Math. Soc., Providence, R.I., 1970. MR 0271180
(42 #6063)

, Finding octonion algebras in associative algebras, Proc. Amer. Math. Soc. 104
(1988), no. 4, 1027-1030. MR 931729 (89g:17003)

, Jordan pairs and Hopf algebras, J. Algebra 232 (2000), no. 1, 152-196. MR 1783919
(2001e:17042)

J.C. Ferrar, Generic splitting fields of composition algebras, Trans. Amer. Math. Soc. 128
(1967), 506-514. MR 0212063 (35 #2938)

H. Freudenthal, Beziehungen der E7 und Eg zur Oktavenebene. VIII, Nederl. Akad. Weten-
sch. Proc. Ser. A. 62 = Indag. Math. 21 (1959), 447-465. MR 0068551 (16,900f)

S. Garibaldi, Kneser-Tits for a rank 1 form of Ee (after Veldkamp), Compos. Math. 143
(2007), no. 1, 191-200. MR 2295201 (2008g:20110)

, Cohomological invariants: exceptional groups and spin groups, Mem. Amer. Math.
Soc. 200 (2009), no. 937, xii+81, With an appendix by Detlev W. Hoffmann. MR 2528487
(2010g:20079)

P. Gille, Le probléme de Kneser-Tits, Astérisque (2009), no. 326, Exp. No. 983, vii, 39-81
(2010), Séminaire Bourbaki. Vol. 2007/2008. MR 2605318 (2011h:20099)

S. Garibaldi, A. Merkurjev, and J-P. Serre, Cohomological invariants in Galois cohomology,
University Lecture Series, vol. 28, American Mathematical Society, Providence, RI, 2003.
MR 1999383 (2004f:11034)

S. Garibaldi and H.P. Petersson, Wild Pfister forms over Henselian fields, K-theory, and
conic division algebras, J. Algebra 327 (2011), 386-465. MR 2746044 (2012e:11065)

A. Grothendieck, Eléments de géométrie algébrique. IV. Etude locale des schémas et des
morphismes de schémas IV, Inst. Hautes Etudes Sci. Publ. Math. (1967), no. 32, 361.

P. Gille and T. Szamuely, Central simple algebras and Galois cohomology, Cambridge Stud-
ies in Advanced Mathematics, vol. 101, Cambridge University Press, Cambridge, 2006.
MR 2266528 (2007k:16033)

D.E. Haile, M.-A. Knus, M. Rost, and J.-P. Tignol, Algebras of odd degree with involu-
tion, trace forms and dihedral extensions, Israel J. Math. 96 (1996), no. part B, 299-340.
MR 1433693 (98h:16024)

D.W. Hoffmann and A. Laghribi, Quadratic forms and Pfister neighbors in characteris-
tic 2, Trans. Amer. Math. Soc. 356 (2004), no. 10, 4019-4053 (electronic). MR 2058517
(2005e:11041)

N. Jacobson, Structure and representations of Jordan algebras, Amer. Math. Soc. Coll. Publ.,
39, Amer. Math. Soc., Providence, R.I., 1968. MR 0251099 (40 #4330)

, Exzceptional Lie algebras, Lecture Notes in Pure and Applied Mathematics, vol. 1,
Marcel Dekker Inc., New York, 1971. MR 0284482 (44 #1707)

, Structure theory of Jordan algebras, University of Arkansas Lecture Notes in Math-
ematics, vol. 5, University of Arkansas, Fayetteville, Ark., 1981. MR 634508 (83b:17015)

P. Jordan, Uber die Multiplikation quantenmechanischer Gréssen, Zeitschr. Physik 80
(1933), 285—291.




[Kle53)]
[KMRT98]
[KPS94]
[Lan02]
[Loo96]
[Loo06]
[Lool1]
[LPROS]
[McC66]
[McC69]
[McC70]
[McCT1]
[McC85]

[MS82]

[MZ88]

[Neh8&7]
[Pet74a]
[Pet74b)

[Pet75]

[Pet81]
[Pet93]
[Pet99]
[Pet04]
[Pet07]
[Pi00]
[PR84a]
[PR84b)]
[PR86a]
[PR86b)]
[PR86c]

[PR94]

ALBERT ALGEBRAS 37

E. Kleinfeld, Simple alternative rings, Ann. of Math. (2) 58 (1953), 544-547. MR 0058581
(15,392b)
M.-A. Knus, A. Merkurjev, M. Rost, and J.-P. Tignol, The book of involutions, Amer. Math.
Soc. Coll. Publ., vol. 44, Amer. Math. Soc., Providence, RI, 1998. MR 2000a:16031
M.-A. Knus, R. Parimala, and R. Sridharan, On compositions and triality, J. Reine Angew.
Math. 457 (1994), 45-70. MR 1305278 (96a:11037)
S. Lang, Algebra, third ed., Graduate Texts in Mathematics, vol. 211, Springer-Verlag, New
York, 2002. MR 1878556 (2003e:00003)
O. Loos, Tensor products and discriminants of unital quadratic forms over commutative
rings, Monatsh. Math. 122 (1996), no. 1, 45-98. MR 1397923 (97g:11039)
, Generically algebraic Jordan algebras over commutative rings, J. Algebra 297
(2006), no. 2, 474-529. MR 2209272 (2007a:17044)
, Algebras with scalar involution revisited, J. Pure Appl. Algebra 215 (2011), no. 12,
2805-2828. MR 2811564
O. Loos, H.P. Petersson, and M.L. Racine, Inner derivations of alternative algebras over com-
mutative rings, Algebra Number Theory 2 (2008), no. 8, 927-968. MR 2457357 (2009i:17048)
K. McCrimmon, A general theory of Jordan rings, Proc. Nat. Acad. Sci. U.S.A. 56 (1966),
1072-1079. MR MR0202783 (34 #2643)
, The Freudenthal-Springer-Tits constructions of exceptional Jordan algebras, Trans.
Amer. Math. Soc. 139 (1969), 495-510. MR 0238916 (39 #276)
, The Freudenthal-Springer-Tits constructions revisited, Trans. Amer. Math. Soc.
148 (1970), 293-314. MR 0271181 (42 #6064)
, Homotopes of alternative algebras, Math. Ann. 191 (1971), 253-262. MR 0313344
(47 #1899)
, Nonassociative algebras with scalar involution, Pacific J. Math. 116 (1985), no. 1,
85-109. MR 769825 (86d:17003)
A.S. Merkurjev and A.A. Suslin, K-cohomology of Severi-Brauer varieties and the norm
residue homomorphism, Izv. Akad. Nauk SSSR Ser. Mat. 46 (1982), no. 5, 1011-1046, 1135—
1136. MR 675529 (84i:12007)
K. McCrimmon and E. Zelmanov, The structure of strongly prime quadratic Jordan algebras,
Adv. in Math. 69 (1988), no. 2, 133-222. MR 946263 (89k:17052)
E. Neher, Jordan triple systems by the grid approach, Lecture Notes in Mathematics, vol.
1280, Springer-Verlag, Berlin, 1987. MR 911879 (89b:17024)
H.P. Petersson, Composition algebras over a field with a discrete valuation, J. Algebra 29
(1974), 414-426. MR 51 #635
, Reduced simple Jordan algebras of degree three over a field with a discrete valuation,
Arch. Math. (Basel) 25 (1974), 593-597. MR 51 #5694
, Exceptional Jordan division algebras over a field with a discrete valuation, J. Reine
Angew. Math. 274/275 (1975), 1-20, Collection of articles dedicated to Helmut Hasse on
his seventy-fifth birthday, III. MR 52 #525
, On linear and quadratic Jordan division algebras, Math. Z. 177 (1981), no. 4, 541—
548. MR 82h:17013
, Composition algebras over algebraic curves of genus zero, Trans. Amer. Math. Soc.
337 (1993), no. 1, 473-493. MR 93g:17006

, Albert division algebras in characteristic three contain cyclic cubic subfields, Arch.
Math. (Basel) 72 (1999), no. 1, 40-42. MR 99m:17038
, Structure theorems for Jordan algebras of degree three over fields of arbitrary
characteristic, Comm. Algebra 32 (2004), no. 3, 1019-1049. MR 2063796
, Cyclic compositions and trisotopies, J. Algebra 307 (2007), no. 1, 49-96.
MR 2278042 (2007i:17042)
A. Pfister, On the Milnor conjectures: history, influence, applications, Jahresber. Deutsch.
Math.-Verein. 102 (2000), no. 1, 15-41. MR 1769021
H.P. Petersson and M.L. Racine, Springer forms and the first Tits construction of exceptional
Jordan division algebras, Manuscripta Math. 45 (1984), no. 3, 249-272. MR 85i:17029
, The toral Tits process of Jordan algebras, Abh. Math. Sem. Univ. Hamburg 54
(1984), 251-256. MR 86g:17020
, Classification of algebras arising from the Tits process, J. Algebra 98 (1986), no. 1,
244-279. MR 87h:17038b
, Jordan algebras of degree 3 and the Tits process, J. Algebra 98 (1986), no. 1, 211-
243. MR 87h:17038a
, Pure and generic first Tits constructions of exceptional Jordan division algebras,
Algebras Groups Geom. 3 (1986), no. 3, 386-398. MR 88h:17033
, Albert algebras, Jordan algebras (Oberwolfach, 1992), de Gruyter, Berlin, 1994,
pp. 197-207. MR 1293320 (95k:17043)




38

[PRO5]
[PR96a]
[PRO6b)]
[PRO7]
[Pri51]
[PST97]
[PST98]
[PST99]
[PT04]
[RacT2]
[Rob63]
[Ros91]
[Ros99]
[Ros02]
[Sch48]

[Ser91]
[Ser95a]

[Ser95b]
[Ser00]

[Ser02]

[Spr55]
[Spr60]
[Spr63]
[SV00]

[Tha95]

[Thal2]
[Tit90]

[TW02]

HOLGER P. PETERSSON

, On the invariants mod 2 of Albert algebras, J. Algebra 174 (1995), no. 3, 1049-1072.
MR 96¢:17045

, An elementary approach to the Serre-Rost invariant of Albert algebras, Indag. Math.
(N.S.) 7 (1996), no. 3, 343-365. MR 99j:17045

, Reduced models of Albert algebras, Math. Z. 223 (1996), no. 3, 367-385.
MR 98c:17028

, The Serre-Rost invariant of Albert algebras in characteristic three, Indag. Math.
(N.S.) 8 (1997), no. 4, 543-548. MR 99j:17046

C.M. Price, Jordan division algebras and the algebras A(\), Trans. Amer. Math. Soc. 70
(1951), 291-300. MR 0041836 (13,8¢)

R. Parimala, V. Suresh, and M.L. Thakur, Jordan algebras and Fy bundles over the affine
plane, J. Algebra 198 (1997), no. 2, 582-607. MR 1489913 (98k:17035)

R. Parimala, R. Sridharan, and M.L. Thakur, A classification theorem for Albert algebras,
Trans. Amer. Math. Soc. 350 (1998), no. 3, 1277-1284. MR 1458310 (99b:17041)

, Tits’ constructions of Jordan algebras and Fy bundles on the plane, Compositio
Math. 119 (1999), no. 1, 13-40. MR 1711511 (2000m:17035)

H.P. Petersson and M. Thakur, The étale T'its process of Jordan algebras revisited, J. Algebra
273 (2004), no. 1, 88-107. MR 2032452 (2004m:17047)

M.L. Racine, A note on quadratic Jordan algebras of degree 3, Trans. Amer. Math. Soc. 164
(1972), 93-103. MR 0304447 (46 #3582)

N. Roby, Lois polynomes et lois formelles en théorie des modules, Ann. Sci. Ecole Norm.
Sup. (3) 80 (1963), 213-348. MR 0161887 (28 #5091)

M. Rost, A (mod 3) invariant for exceptional Jordan algebras, C. R. Acad. Sci. Paris Sér. I
Math. 313 (1991), no. 12, 823-827. MR 1138557 (92j:19002)

, A descent property for Pfister forms, J. Ramanujan Math. Soc. 14 (1999), no. 1,
55-63. MR 1700870 (2000£:11043)

, On the classification of Albert algebras, Preprint, http://www.math.uni-bielefeld.
de/~rost/, 2002.

R. D. Schafer, The exceptional simple Jordan algebras, Amer. J. Math. 70 (1948), 82-94.
MR MR0023816 (9,408¢)

J-P. Serre, Letter to M.L. Racine, 1991.

, Cohomologie galoisienne: progrés et problémes, Astérisque (1995), no. 227, Exp.
No. 783, 4, 229-257, Séminaire Bourbaki, Vol. 1993/94. MR 1321649 (97d:11063)

, Letter to H.P. Petersson, 1995.

,  Buvres. Collected papers. IV, Springer-Verlag, Berlin, 2000, 1985-1998.
MR 1730973 (2001e:01037)

, Galois cohomology, english ed., Springer Monographs in Mathematics, Springer-
Verlag, Berlin, 2002, Translated from the French by Patrick Ion and revised by the author.
MR 1867431 (2002i:12004)

T.A. Springer, Some properties of cubic forms over fields with a discrete valuation, Nederl.
Akad. Wetensch. Proc. Ser. A. 58 = Indag. Math. 17 (1955), 512-516. MR 0072124 (17,232c¢)
, The classification of reduced exceptional simple Jordan algebras, Nederl. Akad.
Wetensch. Proc. Ser.A 63 = Indag. Math. 22 (1960), 414-422. MR 0147520 (26 #5035)
_, Oktaven, Jordan-Algebren und Ausnahmegruppen, Universitdt Gottingen, 1963.
T.A. Springer and F.D. Veldkamp, Octonions, Jordan algebras and exceptional groups,
Springer Monographs in Mathematics, Springer-Verlag, Berlin, 2000. MR 1763974
(2001£:17006)

M.L. Thakur, Cayley algebra bundles on A%- revisited, Comm. Algebra 23 (1995), no. 13,
5119-5130. MR 1356125 (97a:17006)

, Automorphisms of Albert algebras and a conjecture of Tits and Weiss, 2012.

J. Tits, Strongly inner anisotropic forms of simple algebraic groups, J. Algebra 131 (1990),
no. 2, 648-677. MR 1058572 (91g:20069)

J. Tits and R.M. Weiss, Moufang polygons, Springer Monographs in Mathematics, Springer-
Verlag, Berlin, 2002. MR 1938841 (2003m:51008)

FAKULTAT FUR MATHEMATIK UND INFORMATIK, FERNUNIVERSITAT IN HAGEN, D-58084 HAGEN, GER-

MANY

E-mail address: holger.petersson@fernuni-hagen.de



