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Model Formulation

N(T) = Prey population
P(T) = Predator population
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& Laissez-faire Model with a type I
functional response.

8 Leslie-type Model with a type I Laissez-faire Model
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@ Stability analyses of equilibria: c

— performing a linearized stability analysis,
Leslie-type Model

— constructing a Lyapunov function .

@ Numerical studies.

& Laissez-faire and Leslie-type models
with arctan functional responses.

¢ Discussion
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Laissez-faire Model

with a type | functional response




Laissez-faire Model with a type I functional response

Nondimensionalization & Equilibria
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Laissez-faire Model with a type I functional response

Linearized Stability Analysis

Assuming o >0, 0<fB8<1, and v > 2

Ey = (O, O), saddle point
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Laissez-faire Model with a type I functional response

Linearized Stability Analysis

Assuming o >0, 0<fB8<1, and v > 2
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Ey = (28,9(28)) where g(x) = gbfx(aj) (1 — %)

By Routh-Hurwitz criterion,
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the coexistence equilibrium is asymptotically stable.
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Laissez-faire Model with a type I functional response

Global Stability Analysis of E-2

Using Harrison’s “Gedankenexperiment” (1979), construct Lyapunov function

[T a(r(8) - B) 907) g(z*) — ¢

where g(z) = qblx(x) (1 — %) and z* =20

o B (x—2*)—2"In % x <2,
V(z,y) = Vi(z) + Va(z)  where Vl(x)“{(2x*>x*1nli+<1ﬁ)(x2), z>2
(

v (: Cil_‘t/> = a(¢r(x) — B) (9(x) — g(z")) is continuous at z = 2

K V(z,y) is continuous at & = 2 and is zero at the coexistence equilibrium

K For all positive x and y, V (x,y) is positive, except at coexistence equilibrium FEj.

3K V < 0 in a neighborhood of B if g(z) > g(x*) for x < 2* AND g(x) < g(z*) for z > z™.




Laissez-faire Model with a type I functional response
Global Stability Analysis of E-2

(a)

The coexistence equilibrium .
is globally asymptotically stable. A Subset Of the baSIH

------- of attraction

D = {(z,y) | V(z,y) <u}

where

u = min {V(0,9(z%)), V(xpn,g(z™)), V(z*,0), V(z*,+00)}
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Laissez-faire Model with a type I functional response

Numerical Studies

Poincaré or first return map

(26, &(2P))

Poincaré section

:y:2( —275) for x > 21




Laissez-faire Model with a type I functional response

Numerical Studies
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Laissez-faire Model with a type I functional response

N ume ri ca I Stu d i es Bifurcation Diagrams

(using XPPAUT)
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Leslie-type Model

with a type | functional response




Leslie-type Model with a type I functional response
Nondimensionalization & Equilibria
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Assuming A >0, B >0, and v > 2

focus on the dynamicsin 0 < z(¢) < 7 , where a unique coexistence equilibrium exists.
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Leslie-type Model with a type I functional response

Stability Analysis - (e

The left (J_) and right (J;) Jacobians evaluated at Ey
where 0 < 2* < 2or 2 < ¥ < v,
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B Asymptotically stable where 0 < 2" < 2 or v/2 < 2" <~

® For 2 <& <~/2, Stableif A> g'(2")
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Leslie-type Model with a type I functional response

Stability Analysis

— Prey Null—clines The generalized Jacobian of Clarke
= Predator Null-clines (199 8)

Js={(1—-q)J_+¢qJ. ,¥Y0<g<1}
: a convex combination of the left and right Jacobian,
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A discontinuous Hopf bifurcation (Leine and Nijmeijer; 2004) is expected

A—-—B+1
when the eigenvalues are imaginary(Jg' = A) i.e., when ¢ = A-b+7 where A <2B—-1 < 1.
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Leslie-type Model with a type I functional response
The generalized Jacobian of Clarke

The generalized Jacobian of Clarke at 7" = 2
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Leslie-type Model with a type I functional response

Numerical Studies
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Leslie-type Model with a type I functional response
N umerlcal StUd 1eS. Two-parameter bifurcation diagrams
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The parameter plane is divided
into regions marked Li (i =0, 1, 2) :
the subscript indicates the number
of limit cycles that encircle the
coexistence equilibrium

22




Summary

m Laissez-faire & Leslie-type models with Type |
functional Responses

O Two limit cycles: Cyclic-fold bifurcations

B Leslie-type model with Type | functional Responses

O Super-critical Hopf and Cyclic-fold bifurcations

At ¥ = 2: the generalized Jacobian of Clarke (1998)
Je={(1—-q)J_+qJs ,VO0<qg<1}

Discontinuous Hopf bifurcation

A-B+1
when Q:T+ where A <2B—-1<1
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Future Research Projects

¢ A predator—prey model with a type I functional response
including an Allee effect in the growth rate of the prey.

¢ A predator-predator—prey model with two predators
characterized by type I and other possible functional responses.

¢ A Delay-differential Equation
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