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Let M be a m-dimensional manifold equipped with a volume form dx and
Q) an connected open relatively compact subset of M with smooth
boundary 012.
Let X1, Xo, ..., Xy be a finite collection of smooth vectors fields on M such
that

Vi div(X;) =0

Let G be the lie algebra generated by the X;. We assume

H1 Forany x e M, G, = T, M

i.e the vectors fields X; satisfy the hypoelliptic condition of Hérmander,
and

H2 Vx € 09, 3/, Xi(x) ¢ Tx0Q

i.e the boundary 09 is not caracteristic for the collection (X;);.
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Hypoelliptic Random Walk

Let h €]0, ho] be a small parameter. Let us consider the following random
walk on Q, xp, x1, ..., Xn, ... Starting at xo € 2

At step n, choose j € {1,..., N} at random and t € [—h, h] at random
(uniform), and let y = ®;(t, x,) where ®;(t, x) is the flow of X; starting at
X.

If y € Q go to xp11 =,

else, if y ¢ Q, set xp11 = X,

This is a Metropolis type algorithm, and due to the condition div(X;) = 0,
this random walk is reversible for the probability p on Q

dp — dx
P = Vol(Q)
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The Markov kernel
For any j, let T; 4 be the self adjoint operator on L?(£2, dp)

- (1.1)
mjp(x) =1-— 2h/h Lo (t.x)endt

Then T 4f(x) = [ f(y)Kjn(x,dy) where Kj 4 is a Markov Kernel, and

N
Kalx,d) = 5 D Kol ). To( )0 = [ F0)Kaxid) (1)

are the Markov kernel and the Markov operator associated to our random
walk, i.e

P(xns1 € Alxp = x) = /A Kn(x, dy) (13)
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Let K{(x, dy) be the kernel of the iterate operator T;). Then [, K/(x, dy)
is the probability to be in the set A after n steps of the walk starting at

x € Q. Our goal is

1. To get estimates on the rate of convergence of the probability

K/ (x, dy) towards the stationary probability p

I|K7(x,dy) —pllTv asn—oo0 V¥x

where

Ip1 — p2llTv = supaes(a)|p1(A) — p2(A)]

is the total variation distance
2. To describe some aspects of the spectral theory of the operator T,
acting as a self adjoint contraction on L2(£, dp).
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Spectral gap

Since Ty is Markov and self adjoint, its spectrum is a subset of [—1, 1].
We shall denote by g(h) the spectral gap of the operator Tp,. It is defined
as the best constant such that the following inequality holds true for all

u€ L?=1%Q,dp)

2 2
lullfz = (u1)zz <

g(lh)(u_ Thu|u) 2 (2.1)
The existence of a non zero spectral gap means that :

1 is a simple eigenvalue of Tp, and the distance between 1 and the rest of
the spectrum is equal to g(h).
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Theorem

There exists hg > 0, dp €]0,1/2[, M > 0, ¢y €]0, 1], and constants C; > 0
such that for any h €]0, ho|, the following holds true.

i) The spectrum of Ty, is a subset of [—1 + dg,1], 1 is a simple eigenvalue
of Ty, and Spec(Ty) N [1 — dgh?1=%) 1] is discrete. Moreover, for any

0 < X\ < Goh=2%, the number of eigenvalues of T}, in [L — h?X, 1] (with
multiplicity) is bounded by Cy(1+ \)M.

i) The spectral gap satisfies

Coh? < g(h) < Gh? (2.2)
and the following estimate holds true for all integer n
supxeall K (x, dy) — dy v < Cpe~ e (2.3)
XIS Vol()"' TV =+ -

v
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The limit diffusion operator
Let H((X;)) be the Hilbert space
HH(X) = {u € L(Q), V), Xju € ()}
Let v be the best constant such that the following inequality holds true for
all u e HY((X)))

E
Juls = (ul1) < £W

W= sy | D pgut)de (24

By the hypoelliptic theorem of Hérmander, one has H((X;)) C H*(R),
for some p > 0. For any fixed smooth function g € C§°(£2), one has

lim ~—>—"g = L(g), L——6JZ_XJ- (2.5)

L (with Neumann condition at the boundary) is the positive Laplacian
associated to the Dirichlet form £(u). It has a compact resolvant and
spectrum vg = 0 < v; = v < 1> < .... Let m; be the multiplicity of v;.
One has my = 1 since Ker(L) is spaned by the constant function 1 .
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The spectrum of Tp, near 1

Theorem
One has
limp_oh™2g(h) = v (2.6)

Moreover, for any R > 0 and € > 0, there exists hy > 0 such that one has
for all h €]0, hq]

Spec( )ﬂ]O R] C Uj»1lvj — e, vj + €] (2.7)

and the number of eigenvalues of —B with multiplicities, in the interval
[vj —e,vj + €], is equal to m;.
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Dirichlet forms
Let

) = (F o Pl

Lemma
There exists hg > 0, C > 0, ¢y €]0, 1] such that for all h €]0, hg] and any
up € L%(Q) such that

lullZz + En(un) < 1

one has
Up = Vp + wp
Vi, IXjvallz < C (2.8)
[whll2 < Ch®

As a direct byproduct, using also 3 ; | Xjv|?> < Cteliminfp_o Ep(v) for
v € HY((X;)), we get
Ch? < g(h) < Gh?
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Basic bounds

Lemma

1 Spec(Th,) N [1 — Soh?1=%) 1] is discrete, and there exists M > 0 such
that for any 0 < \ < Sgh=2%, the number of eigenvalues of T}, in

[1 — 2\, 1] (with multiplicity) is bounded by Ci(1 + \)M.

2 There exists A > 0 such that any eigenfuntion Tp(u) = Au with

A € [L — dph~2%, 1] satisfies the bound

lullee < Coh™lull,2 (2.9)

v

The first item is an abstract consequence of the preceeding lemma and of
the injection H((X;)) C H*(Q).
For the second item , one uses with p large enough the equation

u(x) = AP TP (u)(x)
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Total variation

Let My be the orthogonal projector in L2 on the space of constant functions

1o(x) /
n = 2.1
o(u)(x) Vol(©) /g u(y)dy (2.10)
Then
2supxeall Ty — dpll7v = | T — Mol Lo — 1 (2.11)

Thus, we have to prove that there exist Cy, hg, such that for any n and
any h €]0, ho], one has

IT§ = Mol oo roe < Coe™ "8 (2.12)
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Total variation

Observe that since gy , ~ h?, we may assume n > Ch™2. In order to prove
2.12, we split Ty in 3 pieces, according to the spectral theory.

Let 0 < Aip < oo < Njip < Ajgrh < oo < h™2170)55 be such that the
eigenvalues of T} in the interval [1 — §oh?©, 1[ are the 1 — h2/\j7h, with
associated orthonormals eigenfunctions e;

Th(ejn) = (L= h°Ajn)en  (€nlenn)iz() = Gk (2.13)

Then we write Ty, — g = Th,l + Th72 + Th73 with

Thiloy) = D> (L= Nn)en(x)en(y)
ALrSAj p<h—e
Tha(x,y) = > (1= BN n)ein(x)en(y) (2.14)

h—a<)\j}h§h—2(1—co)50

Tha=Th—TNo—Th1— Tho
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Let E, be the (finite dimensional) subspace of L?(p) span by the
eigenvectors e p, \j » < h~®. One has dim(E,) < Ch—M,

Lemma

There exist a > 0, p > 2 and C independent of h such that for all u € E,,

the following inequality holds true

lulloay < C(En(u) + llullf2)

(2.15)
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Nash inequality

From the previous Iemma using the interpolation inequality
p—2

ul? < lull}" HuHL1 , we deduce the Nash inequality, with
1/D =2- 4/p >0

lul23P < ch2((Ean(u) + W ul2)|ulli°, VueE,  (2.16)

For A\j » < h™®, one has h?); 5 < 1, and thus for any u € E,, one gets
Ean(u) < |lull2, — || Thul2,, thus we get from 2.16

2+1/D 1/D
lal < Ch2((ullfe = Thull 2+ P lullfa)llul2®, Vo€ Ex (217)
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Nash inequality

There exists Gy such that Vh, Vn > h=2t%/2 ope has
| Tl Loe—100 < Co and thus since Ty p is self adjoint on L2

| T2l < Go. Fix po h=2+%/2, Take g € L? such that ||g||;1 < 1
and consider the sequence ¢,,n >0

an =T el (2.18)

Then, 0 < ¢pt1 < ¢, and from 2.17, we get

1455 -
Cn+2D < Ch 2(Cn — Cnt1 + h2cn)” T£+p Hl/D

o (2.19)
< CCYPh2(cp — cny1 + H2cy)
Thus there exist A which depends only on C, (5, D, such that for all

2
0<n<h2 onehas ¢, < (445)?P
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Thus there exist Gy , such that for N ~ h=2, one has cy < Cy. This
implies
ITAPelle < Gollgll (2.20)

and thus taking adjoints
1T Pglli= < Collgll,2 (2.21)
and so we get for any n and with N+ p ~ h=2
I T gl < Co(1 = 2A10)" g2 (222)
And thus for n > h=2

[Tl oo < Coe™ (I Nn = Goeine=rea  h n > b2
(2.23)
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Main Lemma

Let K be a compact subset of
Lemma

Under the hypoelliptic hypothesis H1, the following holds true for
h €]0, ho] with hy small enough:

There exists C such that for any up with support in K such that
1- T,
lunll?2 + \(Tuhfuh)l_z\ <1 (3.1)

one has
Up = Vp + wp

Vi, 1 Xjvalle < € (32)
w2 < Ch
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Main Lemma : sketch of proof

It is easy to see that 3.1 implies for some Cp > 0

unllz < Go

Vj up = Vhj+ whj
[Xjvhillz < Co
[whll2 < Coh

(3.3)

and we want to prove that there exists C > 0 such that

Up = Vp + wp
Vi, [ Xjvallz < C (34)
[whll2 < Ch
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Main Lemma : sketch of proof

In order to prove the implication (3.3) — (3.4) we will construct operators
depending on h, ¢, CJ', BkJ such that @, Cj, Bk,j; th)g, BthXk(k > 0)
are uniformly in h bounded on L? and

N
1-® =Y GhX;+hG
j=1
y (3.5)
Xj® =" B X+ Bo
k=1

and then we set

vih = ®(up), wp = (1—®)(up)
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Main Lemma : sketch of proof

The construction of the operators Cj, By j is easy if the vectors fields
Xi, ..., Xy are the derivatives coordinates 8%1, . % on M =RN just
using classical h-pseudodifferential operators.

Under the hypoelliptic hypothesis H1, the Hormander-Weyl calculus does
not work as soon as one needs > 3 brackets to span the tangent space

(after discussion with Jean-Michel Bony).

So we use the Rothschild-Stein method (Acta-Math 137, 1977) to reduce
the problem to a construction on a free (up to rank r) nilpotent Lie group.
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Main Lemma : sketch of proof

Let G =G1 D Go D ... & G, be the free (up to rank r) Lie algebra with

generators Y7, ..., Y. One has span(Yi,..., Yy) = G1 and G; is spanned

by the commutators of order j, [Yi,[Yiy, [ Vi1 YiiI]---]-

The exponential map identifies G with the Lie group G, and the Y7, ...

with left invariant vectors fields on G by

Vif(x) = L (F(xemp(sY)lso

The action of Ry on G is given by
t.(vi,va, ..., vy) = (tvi, t2va, ... t'v,)

and
Q=>_jdim(g;)
is the quasi homogeneous dimension of G.
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Main Lemma : sketch of proof

Let f * u be the convolution on G

e u(x) = /G FxyL)u(y)dy

Then Y;f = f x Y;5. We will use operators of the form, with ¢ € S(G),
the Schwartz space on G

O(f) = fx on, wn(x) =h p(h~'x) (3.6)

Then the equation
Yo = Z By Yk

is equivalent to find ¢ j € S(G) such that

Yio = Yid x o (3.7)
p
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Main Lemma : sketch of proof
Also, the equation 1 — ¢ = Zj CihY; reduces to solve

So—@=Y Yidxg (3.8)
Jj

with ¢; € C*°(G \ 0), Schwartz for |x| > 1, and quasi homogeneous of
degree —Q + 1 near 0.

Both 3.7 and 3.8 are consequence of the the following cohomological
lemma : Let Zj(f) = Yjo = f, which is a right invariant vector field.

Lemma

Let ¢ € S be such that fG wdx = 0. Then there exists px € S such that

0= Zi() (3.9)
P

This lemma is proved by induction on a family (Z) of r.i vectors fields
such that the (Zx(0)) spanned a graded Lie algebra.
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