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Multi-parameter families of K3 surfaces and hypergeometric functions
1) Introduction

Examples of rigid rank-n local systems on P*\{0, 1, 0o}

o Euler integral transform:
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o Families of twisted Legendre pencils:
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K3 y2=(1-xi)x(x—x)xbe—t),
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Multi-parameter families of K3 surfaces and hypergeometric functions
1) Introduction

Kummer pencil in Het/F-theory duality

o Kummer Kum(E; x E) of two elliptic curves
E: y?=xi(1—x)(xi—=X), Mi=X\m), i=1,2.

o (Isotrivial) elliptic fibration from projection to Ej, use
X = y2x2, Y = y2(y1y2) and t = x; on base:

Y2 =X (n(£)2=X) (X=Xani(t)?), { 450 =0 Lo

T3
A
T
//
7
A
o 2.
A
2 2 2




Multi-parameter families of K3 surfaces and hypergeometric functions
1) Introduction

Kummer pencil in Het/F-theory duality

e Kummer Kum(E; x Ep) of two elliptic curves
E: y?=x(1—x)(xi—X\), \i=\m),i=12

o (Isotrivial) elliptic fibration from projection to Ej, use
X = y2x2, Y = y2(y1y2) and t = x; on base:

41, x; =0,1, )\
V2= X2 -X) X =dayd),  {iEo
@ Periods of K3 surface (Picard rank 18):
wiw?

dX1 dXQ
Q,-:# A I
A/B Y1 JA/B Y2

i T1 T2 Wiw2
@ Picard-Fuchs equations: rank-4 linear system

11 11
oF1 (2,2, 1| )\1> X 2f <272, 1] >\2>

. . Q14 — 03 =
@ Period Domain: {[Ql cee i) € IP’3’ Re(é164_é2%3) i 0 }



Multi-parameter families of K3 surfaces and hypergeometric functions
1) Introduction

Embedding of gauge theory into F-theory

@ Seiberg-Witten solution for N' = 2 SU(2) gauge theory with four
quark flavors in d = 4.

@ Gauge coupling 7¢ is encoded in rational elliptic fibration with
section over u-plane, called Seiberg-Witten curve.

@ Sen provided embedding of SW-curve into F-theory at limit point:
N =2 gauge theory = — F-theory

total space: rational elliptic surface —  elliptic K3 surface
fiberation: J(7¢) (isotrivial) = j(7F) (isotrivial)
sing. fibers:  2I5 at u=1,00 415 att =0,1, 1,00
VHS: elliptic curve period K3 periods
local system: rank=1 —  rank=2
monodromy:  (1,—1,-1) (T?,72,-T2)
. dt 1
periods: ik 1Fo(3 u) - wo }ém 1Fo(§; ) -ws

2F1(3,3:1] A1)
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2) Rational elliptic surfaces

Rational surfaces

o Rational elliptic surfaces S over CP! with section:

2.3 _ g € H(O(4)), ., . 1
S: y"=4x"—gx—g3, a5 € H(0(6)). [t:1] € P

o Consider extremal rational elliptic srfc with rk(MW) = 0,
o classified by Miranda, Persson ['86].

Examples:
@ Legendre family over the t-line,
y?=x(x—-1)(x - t)

@ Hesse pencil of cubics in P?,
xf—l—xg’—i—xg’ —3txixox3 =0
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2) Rational elliptic surfaces

Extremal rational surfaces and their periods

@ Rational elliptic surfaces S

. 2 _ 1.3 _ & € H(O(4)), . 1
S: y =4x"—gox—g3, a5 € H(0(6)) [t:1] € P

e Extremal rational surfaces (up to *-transfer):

— gen. modular modular
isotrivial T b L L I
S /1 /1 /i L L Lo
b IV IV* f /2 12\/* L kK kb ok
b I 1* /3 /1 - b L L K
b I I 12 /1 e s h ks
r 1 e b h &k
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2) Rational elliptic surfaces

Extremal rational surfaces and their periods

@ Rational elliptic surfaces S
s g € H(O(4))

S: V’=4x—gpx—g3, [t 1] e PL
’ axX-8 gewoe) Y
e Extremal rational surfaces (up to *-transfer):

en. modular modular

isotrivial % SR L h b I

b I§ & o L h h I

o IV IV* 12 /2 /e ok

Il 1 /3 /1 e lo h h h

b Il I* /2 /1 e [ A A .
LR I h h &

@ Write down Picard-Fuchs first order linear system satisfied by
periods of % and Xyﬂ over cycles on the fibers:

ﬁ:(W:fAt%7 77:[&%)
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2) Rational elliptic surfaces

Extremal rational surfaces and their periods

o Rational elliptic surfaces S
g g € H(O(4))

S: VP =4x°—mx—g [t 1] € P
y 82 83, g3 € HO(O(6)), [ ]
e Extremal rational surfaces (up to *-transfer):
modular d q
gen. modular | u Ih b b 1| -1 0
h h I 1/2 L L L lg] -1 0
h b Iy 1/2 b ko k| N3 3*95
K L IV* 1/3 ly h &L h 1-iv3 3-iv3
oLl | 1/4 85, 8104165
- ko h L] 3R CREN
LohoIr | 1/6 5 (3459)
b h b k|l L

Solutions to Picard-Fuchs rank-2 linear system:
w= 2F1(p,1—p;1t) w=Hl(d,q;1,1,1,1|t) J
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3) Multi-parameter families of K3 surfaces

One-parameter families of K3 surfaces

@ Construction 1. quadratic twist with polynomial h

X:=S,: & 4XP - goXi—hg

<1

g:y2 4x3—g2x—g3.

@ Quadratic twist adds 2 fibers of type I
@ Parameter defines position of additional /5, h = t(t — A)
@ 1l-parameter families of lattice-polarized K3 surfaces (p = 19)
o Example: Tx = (2)®2 @ (-2), A # 0:
Eig | b b I Eang |15 b 15 &5
t ‘ 0 1 o0 t ‘ 0 1 o A

S is rational X; is K3
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3) Multi-parameter families of K3 surfaces

One-parameter families of K3 surfaces

o Construction 1: quadratic twist with polynomial h

Xi=8,: Y2 = 4X} - M aX—hg
_ 3
S:y? = 4x3—gox—g3.
*1 — . aXi _ dx
© 2 Iy's, h=t(t — A), 2-form: dt N L = oo dt A <¢

@ Represent K3-periods as Euler transform of a HGF
Q=dfs dtn G = ft* dt

(t)
@ They solve a 3rd oder ODE (=symmetric square of 2nd order).

Solutions to the rank-3 integrable linear system of K3 periods:
2
Q= 3F2< 31 A) Q= [Hl(d 1371 AH

Y4 40 4
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3) Multi-parameter families of K3 surfaces

One-parameter families of K3 surfaces

@ Construction 1. quadratic twist with polynomial h

Xi=S8,: Y = 4X} - goXi—hgs
_ 1
S:y? = 4x3 —gox—g3.
*1 _ _ _ . ﬂ_ 1 %
© 2 [5's, h=t(t — A), 2-form: dt N G = e dt A\

@ Represent K3-periods as Euler transform of a HGF
_ aa Y 1
Q_ggﬁsﬁthT;_ftl_i dt w

V h(t)

@ They solve a 3rd oder ODE (=symmetric square of 2nd order).

Q= [2/‘_1(%,1‘7“;1\A)}2 Q= {Hl(d g.1 3 17%‘/\”2

Solutions to the rank-3 integrable linear system of K3 periods:
Y4 40 4> J
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3) Multi-parameter families of K3 surfaces

One-parameter families of K3 surfaces

Proposition (M.-Doran)

@ There is a fundamental set of solutions [Q; : Q5 : Q3] such that

I quadric surface series
QF + Q3 — Bhb ) = et
172 2024202 -202 32 1,1 A =N
112 2 (2n) (3n n
1/3 | 402 +302—3Q02 3F2< s A> =%, CTLEL)

i

018
g
»

1/4| 402420220} 35(1’3’3 A)

11 Z N4 40
135 ) n
yo| atvemt-at | oR( M| = 5 et

@ First 4 cases with 4 singularities are obtained as double covers.

@ Cases 6 and 5 are related to Apery’s recurrence for ((3) and ¢(2):

=% (L@ )% o= (S ”(:)2("#)3")2

n=0 \k=0 n=0 k=0
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3) Multi-parameter families of K3 surfaces

One-parameter families of K3 surfaces

@ Construction 2: base change by double cover

X, =SxcB —" B

l lt:fA(s)

S -5 C
: _ (s+A/4)? aXo _ 1 dx
o with t = . we have ds A e = A dt A Y

e Example (n=1/6): 1-param. family of K3 surfaces of Picard
rank 19, Tx = H® (—2), A#0:

Esing ‘ I]. /1 II* Esing ‘ I2 2 I]_ 2 II*
t |0 1 oo s | —-A/4 f,71(1) 0,00
S is rational X, is K3

@ Xy's are one-parameter families with n =1,2,3,4,5,6,8,9
and M, = H® Eg & Eg & (—2n) lattice polarization.
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3) Multi-parameter families of K3 surfaces

One-parameter families of K3 surfaces

Proposition (M.-Doran)

@ The two constructions give rise to degree-two rational maps
Xy --» X1 (p = 19) that leave the holomorphic two-form invariant.

@ The Picard-Fuchs equations of pairs {Xz, X1} coincide (rk=3).

Remarks:

@ The periods of the families with M, lattice polarization for
n=1,2,3,4,6 agree with the results of Lian, Yau ['96],
Dolgachev ['96], Verrill, Yui[’00], Doran ['00], and
Beukers, Montanus, Peters, Stienstra ['84, '85, 86, '00].

@ One can “undo” the Kummer construction and provide
interpretation of K3 periods in terms of modular forms:

2F1 (4 5525 1A) = 2R (i, 1= i 1]a), A=4a(1 - a),
HI (d,%;%,%,l,%‘A) = H (d, q;l,l,l,l‘a), A = quartic(a).
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3) Multi-parameter families of K3 surfaces

Two-parameter families of K3 surfaces

Remarks:

@ Restrict (for simplicity) to case with 3-singular fibres.

@ Repeat above constructions with two parameters (A, B).

e Example (u=1/6): M = H & Eg & Eg-polarized case,
Eing | 2h 2h 20 Ewg|2h I 20
s |t(s)=0 t(s)=1 0,00 t |01 oo AB

X, is M-polarized K3 Xy is Kum(E; x E)
@ Other examples realize elliptic fibrations J3, J4, J6, 37, J11 On

Kum(E; x Ep) from Oguiso ['88].
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3) Multi-parameter families of K3 surfaces

Two-parameter families of K3 surfaces

Set h(t) = (t—A)(t— B) in Xy and t = f4 g(s) in Xz (A # B) s.t.

X X 1
din D8 _gs p 2 den X
Y1 Y2 h(t) y

Proposition (M.-Doran)

@ The two constructions give rise to degree-two rational maps
Xy --» Xy (p = 18) that leave the holomorphic two-form invariant.

@ The Picard-Fuchs equations for pairs {X2, X1} coincide.
@ K3-periods solve an integrable rank-4 linear system in Oa, Op.

@ Fundamental solutions [y : Qp : Q3,: Q4] form a quadric in P3.
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3) Multi-parameter families of K3 surfaces

Two-parameter families of K3 surfaces

Remarks:
HG local system ET. A-HG local system
w(t) = 2Rl piol) =il
GKZ HG system (rk=2) GKZ HG system (rk=4)
c=(y—B,ap) . C=(7I561/721,a,711/2,11+0a;5)
(=[1,-1,-1,1] g:[o 0 -1 1100
Dew(t) =0 Clag (A, B) =0

e Condition for non-resonance: «, 3,y —a,vy— B &€ Z
@ Condition for quadrically related solutions: v =1, a+ =1
e @:MG(OJ), 6:1_M7 7:1

E.T. = 2 2
o 5L Oap=0y’ = OV

)

with XY = (A— B)2and (1 - X)(1— Y)=(1—A— B)>.
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3) Multi-parameter families of K3 surfaces

Two-parameter families of K3 surfaces

Remarks:

HG local system ET. A- HG local system
w(t) = 2F1(a, 5;7|t) — ft* mﬂi(t)
GKZ HG system (rk=2) GKZ HG system (rk=4)
c=(y-p,a,p) R C=(7;,861/_21,a,_11/2,11+0a35)
(=[1,-1,-1,1] 2:[0 0 11100
Dew(t) =0 s Q(A, B) = 0

e Condition for non-resonance: o, 3,y —a,v— B & Z
e Condition for quadrically related solutions: vy =1, a+ =1

oOé:,LLG(O,].),B:].—/,L,")/:].
O By Oap=0Y2 = O

e Beukers ['13] determined full monodromy group for this
system in terms of C.
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3) Multi-parameter families of K3 surfaces

Three-parameter families of K3 surfaces

e Use h(t) = (t — A)(t — B)(t — C) to obtain 3-parameter
families X; = Sy, of K3 surfaces by quadratic twist.
@ Picard-Fuchs equations in A, B, C form a GKZ system:

o resonant for y = 1, rk=5
o non-resonant for 11 # %, rk=6
@ There is one family where X; is a 3-parameter family of K3
surfaces with lattice polarization of Picard rank 17 : p = %
@ Families of curves from SW-theory:

/6'< + Ig mass=0 3b + /dk RG 2+ 12*
extremal rk(MW) =1 extremal

@ K3 surfaces from twisting:
Sen limit: 2-par. twist(I§ + I5)
Deformation: 2-par. twist(3/ + I5') = 3-par. twist(2/h + 15)
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3) Multi-parameter families of K3 surfaces

Kummer surfaces from SU(2)-Seiberg-Witten curve

Proposition (M.-Doran)
@ The family X1 =Sy — P! (u=1/2) is a family of Jacobian K3
surfaces of Picard rank 17.
@ There is a family X, — P! obtained from the covering map
t=(Cs?>—-B)/(s*> - 1).

@ X, = Kum(A) where

p | parameter | A equation moduli space
17 | AB,C JacC® | yP=x(x—1)(x—=A1)(x—X2)(x—=A3) | T2(2)\H,
18 | A,B,C=c0 EixE | y?=(2x—1) [(4x+1)°+9r] M\HxH
19 | AB=0,C=c0 | EixE | yf=(2a—1)[(4x1+1)’+9n] o(2)\H
v

Mayr, Stieberger ['95], Kokorelis ['99]: moduli space of
genus-two curves with level-two structure = moduli space of
N = 2 heterotic string theories compactified on K3 x T2 with one

Wilson line.
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4) CY 3-folds and their periods

One-parameter families of Calabi-Yau 3folds

e Construction 1: quadratic twist with polynomial h

X;=S,: Y2 4XP g Xi—hg

S;:y2 4x3 —gox—g3.

o h=u 3 (1 —Aw)ty(t1 —urt2) in [t : t] and [u1 : wo]

e Construction 2: birational family of 3-folds fibered by
Mp-polarized K3 surfaces (u = %, é, }‘, é < n=4,321)

@ Represent CY-periods as iterated Euler transform

Q= [[fcdundtnGr=

l

f \/uu f \/t(t u) t)

Solutions to the rank-4 integrable linear system of CY periods:
1
H, 29 2a — M ’
+Fs ( 1,1,1 A)

,% give cases (m, a) = (16, 8),(12,7),(8,6), (4,5)

=
Il
N[
(.:h—l
,;“_.



