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General setting

M(N) =

KN
∑

p=1

XpU
(N)
p U

(N)∗
p

with

– limN→+∞
KN
N = γ > 0 a.s.

– (Xp, p ≥ 1) real i.i.d. r.v., Xp ∼ ν ;

–

(

U
(N)
p , p ≥ 1

)

i.i.d. with values in CN .

λ
(N)
1 , . . . , λ

(N)
N e.v. of M(N) ; µ̂(N) = 1

N

∑N
i=1 δλ(N)

i

:

µ̂(N) −→
N→+∞

µ(∞) ?



Once upon a time : Marchenko-Pastur, 1967

Hypotheses

– kN non random,
kN
N −→

N→+∞
γ > 0 ;

– E[‖U(N)‖4] < +∞ ; E[U(N)(i)Ū(N)(j)] ∼ δi,j
N ;

E[U(N)(i)Ū(N)(j)U(N)(k)Ū(N)(l)] ∼ δi,jδk,l+δi,lδj,k
N2 .

Theorem

µ̂(N) P−→
N→+∞

µ(∞) with G
µ(∞)(z) =

∫ 1
z−xµ

(∞)(dx) s.t.

G
µ(∞)(z) =

1

z − γ
∫ x
1−xG

µ(∞)(z)
ν(dx)



Free compound Poisson law (Speicher, 1998)

with rate γ > 0 and jump distribution ν :

CP⊞(γ, ν) = lim
n→+∞

((

1− γ

n

)

δ0 +
γ

n
ν

)

⊞n

RCP⊞(γ,ν)(z) =
∑

n≥1

zn−1c⊞n
(

CP⊞(γ, ν)
)

= γ
∫

x

1− zx
ν(dx)

Consequence

Since G
µ(∞)(z) = 1

z−R
CP⊞(γ,ν)

(G
µ(∞)(z))

, then µ(∞) = CP⊞(γ, ν).



The Bercovici-Pata bijection for Infinitely Divisible laws

(Bercovici & Pata, Thorbjørnsen & Barndorff-Nielsen,...)

Λ : ID∗(R) → ID⊞(R)

CP ∗(γ, ν) 7→ CP⊞(γ, ν)

with

CP ∗(γ, ν) = lim
n→+∞

((

1− γ

n

)

δ0 +
γ

n
ν

)∗n



A consistent picture

CP ∗(γ, ν) Λ−−−−−−−−−−−→ CP⊞(γ, ν)

P (γ)
∑

p=1

Xp

kN
∑

p=1

XpU
(N)
p U

(N)∗
p ր

N = 1 N N = +∞

with P(γ) ∼ Poisson(γ), independent of (Xp, p ≥ 1).

Answer : replace kN by P(γN).



Compound Poisson matrix model (Benaych-Georges,-, 2005)

CP (N)(γ, ν) : law of

P (γN)
∑

p=1

XpU
(N)
p U

(N)∗
p

with

– P(γN) ∼ Poisson(γN) ;

– U
(N)
p uniformly distributed on SN−1 =

{

u ∈ CN/‖u‖2 = 1
}

.



Properties of CP (N)(γ, ν)

– Nice matricial cumulants ;

– Nice Fourier transform :

E

[

e

(

ia
∑P (γ)

p=1 Xp

)

]

= e
(

γ
∫ (

eiya−1
)

ν(dy)
)

E

[

e

(

itrA
∑P (γN)

p=1 XpU
(N)
p U

(N)∗
p

)

]

= e

(

NE

[

γ
∫

(

eiyU
(N)∗AU(N)−1

)

ν(dy)
])

– Can be extended to all infinitely divisible laws.



Heavy tailed covariance random matrices

(Belinschi, Dembo, Guionnet, 2009)

Hypotheses

–
kN
N −→ γ ;

– Xp = 1, ν = δ1 ;

– U(N)(k) =
Vk
aN

;

– (Vk, k ≥ 1) i.i.d. in the domain of attraction of an α-stable law.



Theorem

– µ̂(N) −→
N→+∞

µ(∞)(α, γ) a.s.

– If γ ∈ (0,1), then

µ(∞)(α, γ) = (1− γ)δ0 + σα,γ
dσα,γ

dt
(t) = − 1

πt
ℑ
(

hα(Y1(
√
t))
)

zαY1(z) =
γ

1 + γ
Cαgα(Y2(z))

zαY2(z) =
γ

1 + γ
Cαgα(Y1(z))

with gα(y) =
∫+∞
0 t

α
2e−yt

α
2 e−t

t dt and hα(y) =
∫+∞
0 e−yt

α
2e−tdt.



A generalized Marchenko-Pastur theorem

(-,Benaych-Georges, 2012)

Hypotheses

–
(

U(N)(1), . . . , U(N)(N)
)

exchangeable ;

– N#{i1,...,i2p}E
[

U(N)(i1) · · ·U(N)(ip)U(N)(ip+1) · · ·U(N)(i2p)
]

boun-

ded ;

– NkE
[

|U(N)(1)|2n1 · · · |U(N)(k)|2nk
]

−→
N→+∞

Γ(n1, . . . , nk) ≤ Cn1+···+nk.



Theorem

µ̂(N) −→
N→+∞

µ(∞) =: ΛΓ(CP ∗(γ, ν)) a.s.

If ∀k ≥ 1, ν(|x|k) < +∞, then

ΛΓ(CP ∗(γ, ν))(xk) =
∑

π∈P(k)

fΓ(π)c
∗
π(CP ∗(γ, ν))



Computation of fΓ(π) : the quotient graph

π = {{1,6}, {2,4}, {3,5}, {7}} =: {V1, V2, V3, V4}

b

b

b

b

V1

V2

V3

V4



Computation of fΓ(π) : the minimal colouring/hypertree

π = {{1,6}, {2,4}, {3,5}, {7}} =: {V1, V2, V3, V4}

b

b

b

b

V1

V2

V3

V4

b

b

b

b

V1

V2

V3

V4



Computation of fΓ(π) : the result

π = {{1,6}, {2,4}, {3,5}, {7}} =: {V1, V2, V3, V4}

fΓ(π) = ϕV1ϕV2ϕV3ϕV4 :

– ϕV1 = limN→+∞E

[

(

∑N
i=1 |U(N)(i)|2

)2
]

;

– ϕV2 = limN→+∞E

[

∑N
i=1 |U(N)(i)|4

]

;

– ϕV3 = limN→+∞E

[

∑N
i=1 |U(N)(i)|4

]

;

– ϕV4 = limN→+∞E

[

∑N
i=1 |U(N)(i)|2

]

.



Examples

Classical case

For U(N) uniformly distributed on the canonical basis, ΛΓ = Id :

– ∀n ≥ 1,
∑N

i=1 |U(N)(i)|2n = 1 ;

– ∀π ∈ P(k), fΓ(π) = 1 ;

–
∫

xkΛΓ(CP ∗(γ, ν))(dx) =
∑

π∈P(k) c
∗
π(CP ∗(γ, ν)) =

∫

xkCP ∗(γ, ν)(dx).



Not a surprise :

M(N) =







Y1
. . .

YN





 in law

with Y1, . . . , YN ∼ CP ∗(γ, ν) i.i.d.



Free case

For U(N) uniformly distributed on SN−1, or for |U(N)(j)| = 1√
N

,

ΛΓ = Λ :

–
∑N

j=1 |U(N)(j)|2n −→
N→+∞

0 if n > 1 ;

– fΓ(π) = 1π∈NC(k) ;

–
∫

xkΛΓ(CP ∗(γ, ν))(dx) =
∑

π∈NC(k) c∗π(CP ∗(γ, ν)) =
∫

xkCP⊞(γ, ν)(dx).

cf Marchenko-Pastur theorem.



Weak characterizations of µ(∞)

ΛΓ(CP ∗(γ, ν)) depends continuously of (γ, ν,Γ) :

1. If ν has no moment, let νC law of X11|X1|<c ; then

ΛΓ(CP ∗(γ, ν)) = lim
c→+∞

ΛΓ(CP ∗(γ, νC))

2. Let U(N) as in Belinschi-Dembo-Guionnet theorem ; then

µ̂(N) −→
N→+∞

µ(∞) =: µ(∞)(α, γ, ν)

= limn→+∞ΛΓn(CP ∗(γ, ν))

for appropriate (Γn, n ≥ 1).



Random measures

– V(N) =
∑N

j=1 |U(N)(j)|2δ j
N

random measure on (0,1].

– ∆k =
{

(x, . . . , x) ∈ (0,1]k
}

.

Then V(N)⊗k(∆k) =
∑N

j=1 |U(N)(j)|2k.

Hence fΓ depends on limN→+∞ V(N) := V(∞).



Properties of V(∞)

V(∞) is symmetrically distributed (cf Kallenberg) :

If A1, . . . , Ak ⊂ (0,1] are disjoints, then
(

V(∞)(A1), . . . ,V(∞)(Ak)
)

∼ Law (λ(A1), . . . , λ(Ak))

If λ(A1) = · · · = λ(Ak), then
(

V(∞)(A1), . . . ,V(∞)(Ak)
)

is an

exchangeable random vector.

Moreover, if U(N)(1), . . . , U(N)(N) are i.i.d., then V(∞) is a com-

pletely random measure (cf Kingman) : V(∞)(A1), . . . ,V(∞)(Ak)

are independent.



Characterization of V(∞) (Kallenberg, 1973)

V(∞) = ηλ(0,1] +
+∞
∑

i=1

βiδτi

with

– η ≥ 0 r.v.

– β1 ≥ β2 ≥ · · · ≥ 0 r.v. such that
∑+∞

i=1 βi < +∞ a.s.

– τ1, τ2, . . . i.i.d., uniformly distributed on (0,1] ;

– (η, β1, β2, . . .) independent of (τ1, τ2, . . .).



If V(∞) is a completely random measure, then

– η = cte ;

–
∑+∞

i=1 δβi is a Poisson point process, with intensity ρ on R+

such that
∫

y ∧ 1ρ(dy) < +∞ (Campbell)



Examples

– Classical case : V(∞) = δτ1 ;

– Free case : V(∞) = λ(0,1] ;

– Belinschi-Dembo-Guionnet case : V(∞) is a α
2-stable random

measure, with

η = 0

ρ(dy) =
α

2(1 + γ)

dy

y1+
α
2



Combinatorial characterization of µ(∞)

Let ζ(x) =
∑

n≥1
xn

n!(n−1)!
and M(z) =

∑

n≥0 z
nµ(∞)(xn) ; then :

M(z) =

∫ +∞

0
eF (z,u)e−udu

G(z, x) =

∫ +∞

0
eF (z,u)ζ(zx · u)e

−u

u
du

F(z, x) = γ
∫ +∞

0

∫

E

[

ezM(z)·uyη ∑

k≥0

1

k!

∑

i1 6=···6=ik

k
∏

j=1

G(z, uyβij)

×
(

zx · uyη +
∑

i0/∈{i1,...,ik}
ζ(zx · uyβi0)

)]

e−u

u
du ν(dy)



If V(∞) is a completely random measure with η = 0, then :

F(z, x) = γ
∫ +∞

0

∫

e
∫

G(z,uyv)ρ(dv)
(∫

ζ(zx · uyv)ρ(dv)
)

e−u

u
du ν(dy)



Examples



Classical case η = 0, β1 = 1, β2 = β3 = · · · = 0

F(z, x) = γ
∫ +∞

0

∫

ζ(xuyz)
e−u

u
duν(dy)

= γ
∫

(eyxz − 1) ν(dy) = F(zx)

M(z) =
∑

k≥0

zkµ(∞)(xk) =

∫ +∞

0
eF (zu)e−udu

∫

ezxµ(∞)(dx) =
∑

k≥0

zk

k!
µ(∞)(xk)

= exp(F(z))

= exp

(

γ
∫

(eyz − 1) ν(dy)

)

Hence µ(∞) = CP ∗(γ, ν).



Free case η = 1, β1 = β2 = β3 = · · · = 0

F(z, x) = γ
∫ +∞

0

∫

xzuy euyzM(z)e
−u

u
duν(dy)

= xz γ
∫

y

1− yzM(z)
ν(dy) = xzRCP⊞(γ,ν)(zM(z))

M(z) =
∫

eF (z,u)e−udu =
1

1− zRCP⊞(γ,ν)(zM(z))

G
µ(∞)(z) =

1

z
M

(

1

z

)

=
1

z −RCP⊞(γ,ν)w(Gµ(∞)(z))

Hence µ(∞) = CP⊞(γ, ν).



Belinschi-Dembo-Guionnet case

ν = δ1, η = 0,
∑+∞

i=1 δβi PPP with intensity ρ(dy) = α
2(1+γ)

dy

y
1+α

2

F(z, x) = γ
∫ +∞

0

(∫

ζ(xzuy)ρ(dy)

)

exp

(∫

G(z, uy)ρ(dy)

)

e−u

u
du

G(z, x) =

∫ +∞

0
eF (z,u)ζ(xzu)

e−u

u
du



Since
∫

ζ(zy)ρ(dy) = 1
1+γCαz

α
2 , then

X1(z, x) = x−
α
2F(z, x)

=
γ

1+ γ
Cαz

α
2

∫

u
α
2eX2(z,u)u

α
2 e

−u

u
du = X1(z)

X2(z, x) = x−
α
2

∫

G(z, xy)ρ(dy)

=
1

1+ γ
Cαz

α
2

∫

u
α
2eX1(z,u)u

α
2 e

−u

u
du = X2(z)



If Y1,2(z) = −X1,2(1/z
2), then

Y1(z)z
α =

γ

1+ γ
Cαgα(Y2(z))

Y2(z)z
α =

1

1+ γ
Cαgα(Y1(z))

with gα(y) =
∫+∞
0 t

α
2e−yt

α
2 e−t

t dt. Therefore :

G
µ(∞)(z) =

1

z
M

(

1

z

)

=
1

z

∫ +∞

0
eF (1/z,u)e−udu

=
1

z

∫ +∞

0
eX1(1/z)u

α
2
e−udu

=
1

z
hα

(

Y1(
√
z)
)

with hα(y) =
∫+∞
0 e−yt

α
2e−tdt.



References

– V.A. Marchenko, L.A. Pastur Distribution of eigenvalues for

some sets of random matrices. Mat. Sb. (N.S.), 72(114) :4

– F. Benaych-Georges Classical and free infinitely divisible dis-

tributions and random matrices. Ann. Probab. Vol. 33 (2005)

– T. Cabanal-Duvillard A matrix representation of the Bercovici-

Pata bijection. Electron. J. Probab. 10 (2005)

– S.T. Belinschi, A. Dembo, A. Guionnet Spectral measure of

heavy tailed band and covariance random matrices. Comm.

Math. Phys. 289 (2009)

– F. Benaych-Georges, T. Cabanal-Duvillard Marchenko-Pastur

theorem and Bercovici-Pata bijections for heavy-tailed or lo-

calized vectors. Lat. Am. J. Probab. Math. Stat. 9 (2012)

– C. Male The distributions of traffics and their free product.

ArXiV (2011)


