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Once upon a time : Marchenko-Pastur, 1967
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Free compound Poisson law (Speicher, 1998)

with rate v > 0 and jump distribution v :
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The Bercovici-Pata bijection for Infinitely Divisible laws

(Bercovici & Pata, Thorbjgrnsen & Barndorff-Nielsen,...)

A . ID*(R) — ID®(R)
CP*(~v,v) — CPH(~,v)

with
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A consistent picture

CP*(vy,v) s CPB(vy,v)

P(v) kn Yo (N
> Xp > XUV U
p=1 p=1

N=1 N N = +o0
with P(vy) ~ Poisson(v), independent of (Xp,p > 1).

Answer : replace ky by P(yN).



Compound Poisson matrix model (Benaych-Georges,-, 2005)
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Properties of CPW)(~, )

— Nice matricial cumulants;
— Nice Fourier transform :

Ele(mzp@ Xp)| (S -1) o)

(N[ (VA v )

. [ (tra s, 5N x,u (N>U]§N)*):
&

— Can be extended to all infinitely divisible laws.



Heavy tailed covariance random matrices

(Belinschi, Dembo, Guionnet, 2009)

Hypotheses
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Theorem
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A generalized Marchenko-Pastur theorem
(-,Benaych-Georges, 2012)

Hypotheses
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T heorem
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Computation of f-(7) : the quotient graph

T = {{17 6}7 {27 4}7 {37 5}7 {7}} =. {V17 Vo, Va, V4}
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Computation of f-(7) : the minimal colouring/hypertree

T = {{17 6}7 {27 4}7 {37 5}7 {7}} =. {V17 Vo, Va, V4}
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Computation of fi-(7) : the resuit

= {{1,6},{2,4},{3,5},{7}} =: {V1, V5, V3, Va}
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Examples

Classical case

For UV) uniformly distributed on the canonical basis, A = Id :

—vn>1, SN JUMNG)Pr=1;
— Vr e P(k), fr(m) =1;
= [2"Ar(CP* (v, 1)) (dz) = Yrep) c(CP* (v, 1)) = [ 2*CP*(y,v)(dx).



Not a surprise :

Yy
MWV = in law
Yy

with Y7,.. YN~ CP*(’)/,V) i.i.d.



Free case

For UMY) uniformly distributed on V=1, or for [UMV)(5)| =
/\|— = AN\

o
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cf Marchenko-Pastur theorem.



Weak characterizations of ;(°°)

Ar-(CP*(v,v)) depends continuously of (v,v, M) :

1. If v has no moment, let v~ law of X11|X1|<c; then
Ar(CP*(v,v)) = lim Ar(CP*(v,vc))
c——+oo

2. Let UN) as in Belinschi-Dembo-Guionnet theorem ; then

o) o (0) —. |, (c0)
D u (a,v,v)
= My 4 /\rn(CP*(% v))
for appropriate (I'n,n>1).



Random measures

R AALED SN |U(N)(j)|25% random measure on (0, 1].
N {(:c,...,:c) e (0, 1]’<}.

Then VIM@k(A) =N UM (5)]2F.

Hence fr depends on limy_, ., VV) = (o),



Properties of p(o0)

V() is symmetrically distributed (cf Kallenberg) :

If A1,...,Ar C (0, 1] are disjoints, then
(V) (A1),..., v (Ap)) ~ Law (M(A1), ..., A(Ap))
If M(A7) = - = A(4), then (V(OO)(Al),...,V(OO)(Ak)) is an

exchangeable random vector.

Moreover, if UN)(1),...,UN)(N) arei.i.d., then V(®) is a com-
pletely random measure (cf Kingman) : V(OO)(Al),...,V(OO)(Ak)
are independent.



Characterization of V() (Kallenberg, 1973)

o0
() — nA0,1] + Z B;6r,
1=1

with

—n>0r.v.

— B1>pr>--->0r.V. suchthat2+ B; < 400 a.s.
— 71,72, ... i.i.d., uniformly distributed on (0O, 1];

— (n,B1,Bo,...) independent of (71,7,...).



If V() s a completely random measure, then

— 1 = cte,

- Z;L:Of og, is a Poisson point process, with intensity p on R4
such that [y A 1p(dy) < 400 (Campbell)



Examples

— Classical case : V() = Orqy

— Free case : V() = >\(o,1] ;

— Belinschi-Dembo-Guionnet case : V(®) is a %—stable random
measure, with

n =0
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Combinatorial characterization of ;(°°)

Let ((z) = Xn>1 n!(ﬁfil)! and M(2) = ¥,,50 2" (z") ; then :
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If V() is a completely random measure with n = 0, then :

F(z,z) = fy/o—l_oofef G(zuyv)p(dv) (/C(zaz - uyv)p(dv)) %du v(dy)



Examples




Classical case n =0, g1 =1, Bop=p3=---=0
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Free case n=1, 81 =0pr=083=---=0
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Belinschi-Dembo-Guionnet case
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Since [((zy)p(dy) = 1_|_ CazQ then

X1(z,2) = 17 2F(z2)
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! Caz%/uQGXQ(Z u)u2€ du = X1(2)
14~ U

Xo(z,0) = 272 [ Gz, 0y)p(dy)

1 a
C’aziqueXl(z wuze " du = Xo(2)
14+~ U




If Y1 2(2) = —X1(1/22), then

i(2)2% = {1 Caga(Va())
V()2 = 1 —Caga(¥i(2)

with ga(y) = Jg Oot%e—yﬁ@%tdt. Therefore :
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