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€.,...,€, indeterminate constant coefficients,

u(t) B,[ItT], B, =Qle,,...e, ]

Theorem 1: Leth, e B, jeZ, be given by

€,.-:€, the elementary Z hzl = > 1
sym functions in &+, = ' l-ez+e,z”—.+(-1'ez'

h., ] € Z, the complete sym t"
j u.(t)=>h .—
functions: h, =0 (j<0), Then _J( ) ; "l
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is a fundamental system of solutions.

U, (t) generates this fundamental system: u_, (t) = u, () .
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Ut —eu" M) +eu" M) -+ (-D'eu(t) =0 X'=M X

0 1 0 ..o [xO=uPw
M. = (:) (:) 1 (:) (%O
r ; ; ; .o X — :
oot 6 ),
(D e, (D e, (D e, ... o) o
u(t) =x%,(t), u”@©)=c;, e X(t)=exp(Mt)-C, C=| : |=X(0)
\Cr1/
Remark: eXp(I\/Irt) is the Wronski matrix of the standard
fundamental system of the solutions to the ODE,|V0(t), R Vr—l(t)|;

thatis v,'”(0) = 8;, 0<i,j<r-1 (standard initial conditions).
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Theorem 2: The last column of exp( M rt) is our universal fundamental system:

_ )
Vo Vi el Ve = UL

r

Vo V) el Ve =Uy

exp(M, t) =

(r-1) ,(r-1) (r-1) _
\Vo Vi i —uo)

5O=>hY =Y h,,! k_

k>0 k! K>r—1
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The universal and the standard fundamental systems are related as follows,

Ug
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and
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The universal and the standard fundamental systems are related as follows,

Ug /1 hl h2 ...... hr \ Vi Vi /1 —@ €y e (_1)rer \ Uo
u_l B O 1 hl ...... hr_l V2 and V2 B O 1 _el ...... (_1)r—ler_1 u—l
—1 00 1 .- .- ) — -0 1 ... ...
u_, \0 0 0 - 1) Vy Ve \O 0O O 1 ) U r
HE=1

Generating functions of the complete and the elementary symmetric functions,

H(2) = 2.0 hkZk = Hizl(l_fiz)_l and E(z) =2, ekZk =1, 1+ &72)
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The universal and the standard fundamental systems are related as follows,

Ug /1 h hy - - h, A Vi Vi /1 —€ By e (-1)"e, \ Yo
u_l B O 1 hl ...... hr_l V2 and V2 B O 1 _el ...... (_1)r—ler_1 u—l
=100 1 - --- : _ =10 1 .- :
u_, \0 0 0 H 1 )Y v, \0 0 0 - - E 9 ) u
HE=1]

Generating functions of the complete and the elementary symmetric functions,
H(z) =X, hz" =Tl (1-&2)" and E(2) =X, 62" =1, (1+&2) , satisfy

H(-2)E(z) =1
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Solution in the non-homogeneous case, g(t) = Zk>0 i e B/ [[t]]:

u (t) + p(t) where p(t) the particular solution with vamsh/nq initial conditions.

k
Theorem 3: We have p(t) = Zk>r Py tk_ - where p, € B, K >r, are given by
= |

K
kK—r _ Zkzo bkz
Zer Py 2 o

l1-ez+e,2° —..+(-D"e 2"




ﬂ‘O
A

ﬂ“r—l D

Young diagram of A

Schur function:

S,(£) =det(&; Li_j)osi,j<ra -

where

A= 242...24_,20)eP,
a partition of W =X A, oflength <T,
{& )i, variables.
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Schur function:

A | | S,(£) =det(&; Li_j)osi,j<ra -
A where
L A=A 24224 ,20)eP,
Ay I:I a partition of ‘ 1‘ = A of length <7,
Young diagram of A {ffi}iez variables.

Examples: The coefficients €,,...,€, of the ODE and the coefficients N = {hj}
of the universal solution are related by the Giambelli formula

JEZ

e, = S(lk) (h). 1 4=01%)

[]
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Schur function:

ﬂ‘o
A where

Young diagram of A {'fi}iez variables.

Examples: The coefficients €,,...,€, of the ODE and the coefficients N = {hj}
of the universal solution are related by the Giambelli formula

€, =S, (h).

As the elementary and the complete symmetric functions

0 Gty [B =50 (@) N =S, (D

E={$;}iz » & =1 &;=0, J<0, J>r.
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The Wronskianof f: W[ f](t) =det(f "), ..

Motivation: The role Wronskians play in Schubert calculus on Grassmannian

[papers of L. Goldberg; A. Eremenko and A. Gabrielov; B. and M. Shapiro;

E. Mukhin, V. Tarasov, and A. Varchenko; ...]

Generalized Wronskian of f corresponding to A = (AH=2A4=2..24,20):

WA, F1(t) =det(f ")
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e . 1AL
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Theorem 4 (Derivatives of the Wronskian in terms of the generalized Wronskians):

£ 1K) . r} _ |}~ |!
WITT™ (1) = Z|/1|:k c,W[A, f](t), where C, = -k, .
(hook formula)

i-|-
[ K.

I
I

page 8



Theorem 4 (Derivatives of the Wronskian in terms of the generalized Wronskians):

- . 2]
W19 @) = Z|/1|:k c,W[A, f](t), where C, = ok
(hook formL|l/|a)
_ | -
Letnow f =(f,, f,...., f._) be e s
a fundamental system of the ODE ' |

u ) —eu" ) +eu"? () —...+ (=D e u(t) = 0.



Theorem 4 (Derivatives of the Wronskian in terms of the generalized Wronskians):

- . 2]
W19 @) = Z|/1|:k c,W[A, f](t), where C, = ok
(hook formL|l/|a)
_ | -
Letnow f =(f,, f,...., f._) be e s
a fundamental system of the ODE ' |

u ) —eu" ) +eu"? ) ...+ (=D e.u(t) = 0.

Theorem 5: We have W[A, f]=S, (h) W[f] [Giambelli's formula],




Theorem 4 (Derivatives of the Wronskian in terms of the generalized Wronskians):

- . 2]
W19 @) = Z|/1|:k c,W[A, f](t), where C, = -k, .
(hook formula)
_ | -
Letnow f =(f,, f,...., f._) be e s
a fundamental system of the ODE ' |

u ) —eu" ) +eu"? ) ...+ (=D e.u(t) = 0.

Theorem 5: We have W/[A, f_] =S,(h) W[f_] [Giambelli’s formula],

hk W[ﬂ,, f_] = zﬂW [,Ll, f_] [Pieri’s formula],

the sum over all partitions (£ € P, satisfying
| ul=k+ AL o2z 2A 2 24 .
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Denote W) the free Z-module generated by {W[A4, f], 1eP},
weref afundamental system of the ODE.

Let G =G(r,P”) be the Grassmannian, o, € H™(G,Z) Schubert classes,
Q, e H.(G,Z) the Poincare duals.

Mapping hj — O, defines a surjection B, — H™(G,Z) , and its kernel gives
relations on generators (B, = Q[el, ey er] the ring of symmetric functions).

Well-known Giambelli’s and Pieri’s formulae of Schubert calculus:
o,=35,(0), OO = Zﬂaﬂ,
where & =(1,04,0,,.-), 0 special Schubert classes.

Corollary: The Z-module isomorphism W) — H.(G,Z) defined byW|[A, f_] —Q,

is an isomorphism of H™(G,Z) -modules.
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From B, and W) to bosonic and fermionic spaces :

t" .
We write U, (t) :Zhn+j— J€Z;

I ]
n=>0 n:

U= (UO, u, .. ul_r) - the universal fundamental system of the ODE;

Kr — SpanQ{uj (t)1 J 2> —r +1}: SpanBr{UO’u—lv--vul—r}g Br[[t]]

- the sub-module of all the solutions of the ODE;

Theorem 6: We have

r T .
A K, =Spang {U, =u, AU, ;AAU, g, A€PRE

u, =39, (h)Uo , Where Uo =U, AU AAU .

Corollary: The correspondence U, <> WI][A,U] gives the B-module

isomorphism W ~ A"K .
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We call
B, =QJle,,...,e,] the r-th Bosonic space;

F = SpaﬂBr{Uﬂt AU_, AU 4 A..., A€P} the r-th Fermionic space

(of zero total charge).
Wehave FJ ~A"K ~U.

Remark: F; is well-defined for I = 0o whereas U] does not.

If I =00 we have Boo =Qle,,e,,...], K, =3pang {u,,u,...};

U. (t) Z thrJ , |} € Z, all are solutions to the “ODE of infinite order”,

n>0

where {h.}. , are defined in the same way as for I < o0,

E.() > ht"=1 Eoo(t):1+zj21(—1)jejtj.
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The Boson-Fermion correspondence

is the Br -module isomorphism C(; : For —> Br defined by
U, AU, AU_ ; A...t> S, (h)
[this terminology is standard if I =00, see V. Kac, A.K. Raina] .

Denote {Xj} the elements of B, defined by the generating function

j>1
b _ 2 r r
Zjﬂsz =—log(l-ez+e,z° —..+(-1)"e z").
In terms of symmetric functions, ij = .flj +...+§rj :

We have B =Q[X,...,Xx ].

Thus €,...,€.,N (1=1) allare polynomialsin X,..., X,.

Ifr=oo,then > xt"=—logE,_(t), Ew(t)=1+zjﬂ(—1)1ejtj.
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: t" :
We write now U, =>»_h —=U; (X, X51), JEZ,
n!

n>0

N+ j

Operator 0, =0/0X :B. — B, induces a Q-linear map

0.:K K. (i=1..r).

dk . :
Operator D" =g - By > B, actson {U;},, by shift,

D‘u, =u,,,, k>0.

They both can be naturally extended first to operators in A K, , and then in FOIr :

N

We denote them 8i and D" , resp.

(recall: K, =3Spang {U,,U;,...,U;  J=Spany{u;, J=-r+1})
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Theorem 7: For the operators 0,, D*:F — F/ (1<i,k<r), we have

ci 0, (c)t=0/ox,
Co [A)k(cc;)_lzkxk’
[0, D"]=[6/dx, kx]=i5,.

Denote A, the Lie algebraover Q generated by {p.,i} ..., such that

[p, p]=i5, A, [p,h]1=0. dimF# =2r+2.

., is the oscillator Heisenberg Algebra generated over C by {p,,h}._,
such that _
[P, P =10, 7o, [y, ] =0.

page 13



We obtain two one-parametric families of representations of the Lie algebra J#, :



We obtain two one-parametric families of representations of the Lie algebra J#, :

Bosonic representations f,:B, —> B,,

oP/ox,, j>0

VPeB, .  B,(p)P=mP, S, (h)P="P, ﬂm(pj)P—{ . . .
—hJx_;, J<0



We obtain two one-parametric families of representations of the Lie algebra J#, :

Bosonic representations f,:B, —> B,,

oP1ox,, >0

WPEB,:  Su(p)P=mP, B (P =HP, f(p)P=i T
—h X, 1<0

Fermionic representations ¢_:F/ — F/,

VO, =0, AU_, AU_,A...eF:

r r r r r éjq);’ J>O
@m(po)q)ﬂ:mq)ﬂ’ ¢m(ﬁ)q)ﬁzﬁq)l’ gpm(pj)q)ﬂ: A . .

AD™'®’, j<O0



We obtain two one-parametric families of representations of the Lie algebra J#, :

Bosonic representations f,:B, —> B,,

oP1ox,, >0

WPEB,:  Su(p)P=mP, B (P =HP, f(p)P=i T
—h X, 1<0

Fermionic representations ¢_:F/ — F/,

VO, =0, AU_, AU_,A...eF:

r r r r r éjq);’ J>O
gpm(po)q)ﬂ:mq)ﬂ’ ¢m(ﬁ)q)ﬁzﬁq)l’ gpm(pj)q)ﬂ: A . .

AD™'®’, j<O0

On this way, finite-dimensional counterparts of vertex operators appear
[L. Gatto and P. Salehyan, arXiv 13.10.5132]



