Maps that take lines to plane curves

Vsevolod Petruschenko, Vladlen Timorin*

*Faculty of Mathematics
National Research University Higher School of Economics

Fields Institute, Toronto, November 28, 2014



Planarizations

Definition

A planarization is a sufficiently smooth mapping

f : U C RP2 — RP3 such that, for every line L C RP?, the set
f(UNL) is planar.



Planarizations

Definition

A planarization is a sufficiently smooth mapping

f : U C RP? — RP3 such that, for every line L C RP?, the set
f(UNL) is planar.

Definition

Two planarizations f : U — RP3 and g : V — RP3 are equivalent
if there is a nonempty open subset W C UN V such that f = g on
W, up to projective transformations of the source and target
spaces.



Planarizations

Definition

A planarization is a sufficiently smooth mapping

f : U C RP? — RP3 such that, for every line L C RP?, the set
f(UNL) is planar.

Definition

Two planarizations f : U — RP3 and g : V — RP3 are equivalent
if there is a nonempty open subset W C UN V such that f = g on
W, up to projective transformations of the source and target
spaces.

Problem
Classify planarizations according to this equivalence relation.
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The Fundamental Theorem of Projective Geometry

Theorem (M&bius, 1827)

Suppose that f : RP" — RP" is a continuous one-to-one map
taking all straight lines to straight lines. Then f is a projective
transformation, i.e., a projectivization of a linear isomorphism

Rn+1 N RnJrl.

Theorem (von Staudt)
The continuity assumption is superfluous.

Remark
This theorem has local versions.
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Motivation

e An extension of the Fundamental Theorem of Projective
Geometry

e Let £ be a linear system of curves (e.g., the family of all lines,
circles, conics, etc.). Studying mappings f : U C RP? — RP?
taking line segments to curves from L is related with studying
planarizations.
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Trivial cases

Definition
A planarization f : U — RP3 is trivial if £(U) lies in a plane.

Definition

A planarization f : U — RP3 is co-trivial if there exists a point

a € RP? such that f(UN L) is contained in a plane through a, for
every line L C RP?.



Co-trivial planarizations
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Non-trivial examples

Definition

A quadratic rational mapping is a rational mapping

f : RP? --» RP? given in homogeneous coordinates by
homogeneous polynomials of degree 2:

2
flo:xa:xl=lo:yiy2:yl ya= Y, ailxix.
ij=0



Non-trivial examples

Definition

A quadratic rational mapping is a rational mapping

f : RP? --» RP? given in homogeneous coordinates by
homogeneous polynomials of degree 2:

2
flo:xa:xl=lo:yiy2:yl ya= Y, ailxix.
ij=0

Example
Any quadratic rational mapping is a planarization; it takes lines to
conics.
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Duality

This is an implementation of projective duality for
planarizations.

For every planarization f : U — RP3, there is the dual
planarization f* : U* — RP3*.

The open set U*, possibly empty, is defined as the set of all
lines L € RP?* such that f(L N U) lies in a unique plane P;.

The map * sends L to P; € RP3*.
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The result

Theorem
Every planarization f : U — RP3 is equivalent to a planarization
that is

e trivial, OR
e co-trivial, OR
e quadratic, OR

e dual quadratic.
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The classification

Theorem
There are 16 equivalence classes of non-(co)-trivial planarizations:

Q) [x:y:zle=xy:ixz:yz: X2 +y? + 2]
@): [X:yiz]H[Xy:XZ:yz:xznyjLZQ]
Q) Ity v [y 1y 4 2z
Qa): [xiyrzlm X —y2 i xy yz: 2%]
Qs): [x:y:z] =[xz —yz:x?:y?: 77
Qo) [x:y:z]l= [P ixz—y?iyz: 27
Qr): [x:y:zlm [y? =22 i xy i xz : y2]
Qs): [x:y:z]l= [y :xz:y?: 27
Qo): [x:y:z] =[xy :ixz—y®iyz: 27

): [X2y22]|—>[X2:Xy:y2:22]”.
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The classification

z] = [2(X% 4 y?) y (x4 22) s x(yP 4 22) : xyz]

z] e [2(X% = y?) ty (x4 22) s x(y? — Z%) : xyz]

D z] e [XPz 0 z2(XPHy?) L x(XP 4y —Z22)  y(xPHy?+22))
2] e [Py x(P = y?) 1 2(P 4 y?) 1y

2] pP(x +y) tyA(xHy) s 2P (x —y) s xyz]

szl X3 xy?  2xyz — yB 1 z(xz — y2)].






Planarizations (G3) and (Gy)
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